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B3AI'tMHAfl KOHOnTyP AJll4A AI{CKPETHbIX CITCTEM

g 8.1. Ilapuulenulax xox$rryparyr

PaccuOrpuu AAe C1l1CTeMbl, K6Topble OnuCblBA11;TCn ypaaHeHxaMll cOCroFHvla

x t lk  +  1 l  =  A tx r lk l  +  b r ' .U t lk l ,  Yr lk l  =  c lx r  (k )  +  d tu t l k l
n"  

x2 lk  +  1 l  =  Azxzk l  +  b2u2 lk l ,  vzk l  =  c lxz l * l  +  d2u2(k l .

3rn Cncreuu caa3axbt napannenbHo. Vla prc. 8.1 CtleAyeT, qTO B 3TOM Cllt/{a€ U1

p€ynbrxpyKrulxi EblxoAHoi crrHan Y = Yr + r:. Bee4n BeKrop c(rcronHua

B npeAulnyr{rx naparpa@x noHf,Tl,|e cocronH}rn nplMeHRnocb B ocxoaHoM TonbKo K oAHol4

ArHaMrqecKoi cucreue, HanpxMep K ynpaanneMouy o6beKry. Ilnutu B nn' 7'8'1 n 7'8'2
peueHxe Kacanocb 3aMKHyt'blx cltcreM ynpaBneHxn, r.e' cxcreM c o6parxoti caa3bp. O.AHa'

lo "r"t"^r"r Moryr o6naAarr 6onee cnoxxrxi crpyKrypoi, Kar(ablfi sneMexr Koropof Mo'

xer 6blrb Ar4Har/rrqecKrM 3neMeHToM, onncbraaeMbtM ypaBHeHlrnMll cocroaH[F. OtAenr'

Hbte ArHaMrqecKre 3neMeHTbl ctrcreMbr co cnoxHoi crpyKrypdi rroryr o6paeoBblaarb rlx6o

nip-ai'n"n""V111, n1a6o nocfle4oaarenbxyp KoHfurypaqxp, tlt'l6o roxSrrypalro c o6parxoi

csis"to. Onncaxne srxx rpex ocHoBHbtx xoxQr,rrypaqni AttHaMnqecKrx 3neMeHToB ypaBHe'

ll,tf,Myt cocr@Hl,tn FBnRercF anre6poi Ans onpeaeneH[F ypaaHeHni c@roFHlrn c[creM,

cocronulvrx x3 He6onbuoro nnn Aaxe 6onburoro {[cna 3neMe]lToB' 3ra anre6pa ypaaHeHhi

cocroFHxn 6yAer arteeAeHa B nocneAyK)lrl}lx naparpaoax.

$ 8.2. Ilose[oBareJllHaf, K(

Ycraxogr m renepb YPaBHelll
onrcblBaeMblx ypaBHeHxsM

cncreMbl aBnFeTcR BXOAOM

x r ( k + 1 ) = A r x r k l  + b r

xz lk  + 11= Azxzlk l  + b2

C nouoqrP aeKropa cocr<l

l A t
x ( k + 1 ) =  I  -

L b2ci

BurxoA aropoi cxcreMbl 3a,

vlkl = vzlkl = ld2c\, ct

CnpaeeAnlre@rb 3roro coo
3aect orAenbnble KoMnoHe
x1 ut X2 r exOAxoi nePeM(

g 8.3. Kon$rrlparprr c o61

Konsrrypaura c o6parxoi
@orBercrByer 6nox+xeue

l l t = l - Y z '  u z = Y r '

u t = r - c t 2 x 2 - d 2 u 2 ,

t t r = r - c t r x z - d 2 c \ x 1

ut  = Kr-  Kd2cr1x1 -  K

rAe npeAnonaraercn, tlro

K =  ( 1  +  d z d r l - t

cyqecrayer.

Prc.8.3.

5. B. CrPeiu

t;; I
Mbr MoxeM 3anHcarb

x ( k + r ) =  
[ ; '  

o , J  " , * , * [uo',f 'n''

(8 .1 )

(8.2)
= U z = U J 4

(8.31

(8.41

Vlkl = lcl, crzlx(kl + (dr + dzlulkl .

Ypaerexna (8.4) npeAcraannKtr pe3ynbrhpypulre ypaBHeHua cocroFHvlF AByx cttcreM, cBa-

3aHHbtx napanlenblto, Koropble nerxo o6o6qaprcn Ha npox3Bottbnoe 'lrcno napannenbHblx

CTCTEM.
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g 8.2. flocnenoBarelrnes xoxQnryparl r

YcraxOsru Tenepb ypaB6e6ne cogrg€HelR Anf, ng6neAoBarenbHorg c6€Avl6eHra AByx cvlCTeM'

on,cbtBaeMbtx ypaaHeHxf,uu (8.1) ra (8.2).f lpuraroupacnonoxexuunycrbBblxoAnepeofi

cl4cTeMbt RBnReTCf, aXOAOM arOpofi cr4cTeMbl, t.e. Yr = uz. B 3roM cnyqae

xr  (k  + 1 l  = Atxr lk l  + b: i lUr lk l ,

x2 lk  + 1 l  = Azxz{( / . l  +  bz lcrxr  (k)  + drur  (k)1.

C noMoulbto BeKropa cocr(nHua (8.3) rvrur MoxeM 3anlcarb ypaBHeHr4a (8.5) e slaAe

l A ,  0 1 . . .  [ b '  I  . .
x ( k + r ) =  

[ , , " ,  ) , ] ^ r r , *  |  o ' , 0 ,  | , ' l * , .

BurxoA eropofi ctlcreMbt 3aAaercn c(x)THouenreM

y(kl = yzlkl = ldzcL cll xlkl + dzdru r lkl .

CnpaeeAnnaocrb Sroro coorHoueHun HenocpeAcrBexHo cneqyer us 6noxcxeMbl Ha pnc.8.2.

3Aecr orAenuHble KoMnoHeHrbt abtxoaxoi nepeuexxoi y o6paryprcF BeKropaMvl c(rcroFHllF
x1 Yt x2 tt gxoAxOi neperrtexxOi u1 .

:TEM

ocHoBHoM TonbKo r oanoi
f lruru s nn. 7.8.1 u 7.8.2
c o6parnori ceasrro. OAxa-

rarri sneiiexr roropoi uo-
{}lRM}r oocroRxna. Oraenu-
uoryr o6paaoeurears nr6o

xox$rrypalrn c o6parxofi
tqecKlrx g,|eMeHroB ypaaHe-
lxexni cocrorHlrF cl4creM,
os. 3ra anre6pa ypaexexni

cocToaHra

(8.r )
(8.2)
= u u

(8.3)

(8.4)

;TORHIIR AByX CrCTeM, CBA-
tbHoe qlrcflo napalnenbHbtx

STOM Cnyqae Ur = Uz
ocTofiHrrF

(8.5)

(8.6)

(8.7)

(8.1) r  (8.2),

(8.8t

(8.91

(8.10)

( 8 . 1 1 1

(8 .12)

$ 8.3. KonQrrypaqnx c o6panrof, cBt3bx)

KOxQnrypaUnn C O6parxOi caa3bt9 IByx cxgreM, onxcblaaeMblx ypaBHeHvFMH
@oraercrayer 6noxcxeue lla petc. 8.3. 1'1g sroi 6noxcxeMbl cneAyer, qro

l l r = r - Y z ,  U z = Y t ,

t ! r = f - c l x 2 - d 2 u 2 ,

t t r  =  r  -  c ' z x z  -  d 2 c \ x 1 -  d 2 d 1 u 1 ,

u1 = Kr-  Kdzclx t  -  Kc '2x2,

rAe npeAnotlaraercn, qro

K =  { l  +  d z d r l - r

cyqecrByer.

Psc.8.3. Kox$nryfqrn c o6parxofi can3bp axcKperHbtx clcreM.

5. B. Crpefiq 65
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Paan acxocrr apryMexr k y nepeuexHblx l4 BeKTopoa u3 autpaxexni (8'8) - (8't2) ony'
qeH. c noMot{bKr Bbtpar(eH}ta (8.11) nepaoe t|3 ypaaHeHrn (8.1] npunruaer ErA

x r ( k+  l )=  H r  -  b tKdzcT lx r ( k ) -b r  Kc r2x2 (111+b1Kr l k l .

l'foAcrasnnR u2lkl e nepBoe t,t3 ypaoHeHlln (8.2) , Mbl nonyqnM

x2(k + 1l= lbzc\ -  bzdrKd2c\)xrk) + lAz -  bzdrKc| lxr lk l  + bzdrKrlk l '  (8 '14)

C nouor{uro BeKropa (8.3} ypaaxerun c@roRHnF ctrcreMbl c o6parxoi cBR3bK) MoxHo npqA'
crag[Tb cne.AypulxM cnoco6ou :

I  Ar -  b1Kd2cr1
x ( k +  1 ) =  

L  a r " l  - b z d r K d 2 c r l

f  b , K  I
+  |  |  r ( k l = A x l k l + b r l k l .

L  b2drK l

cornacxo BropoMy ypaBHeHu|o 18.21 u BblpaxeHlK' (8.11) ypaaxellHe BblxOAa xMeer axA

yzlk l  = c t2x2lk l  + d21c\xr lk l  + drurk l l  =  c lxz lk l  +

t  dzctrxr lk l  + d2dJKr lk l  -  Kc\x2lk l 'Kdzc\xr  (k l l  =

= ld2l1 -dtKd2lc l ,  (1 -  dzd$lc\ lx lk l+d2d$r(k)  
=ctx(k)  +dr lk l '  (8 '16)

_ b1Kcr2 
_ I xk) +

Az-  bzd rKc i  )

(8.13)

(8.151

(8 .17)

MHOrhMlr BblxoAaMll,  raec],

(8.18)

(8.19)

CBOftCTBA CI{CTE

g 9.1. Ilocrnmu(rcrb' !

flpr peuexrx 3aAaq Yn
HeKoropble OyxAauexr
B Knaco,r{ecroi reoprt
HanaMu paccMaTp[8aei
nneMocrb r,r cra6lnrsu;
Bcrpe{aprcn e 95 9.2
puri noaaonRer KPaTKC
3aAart crHre3a, T.e. An
ManbHoe a 3aAaHHOM Ctt

3Aecb cneAyer orMe'
HXf, B qenoM, paccMaTr
aaTenbHo, npuMeHFeMb
xe RBnF|oTCA peueHun,
o6ecneqraaPqero onfl
Tgopgln npogrpaHgrBa
ycnoeni YnPaBnFeMoc
no3Bonner HaM pacc$4
'recKrx onepaqui' 3ro,
He Moxer 6utrr YnPae
ormerrrb, qro cra6'tnt
Ana peant,|3aqru ynpal

Mu 6yAeu nocneff
oHH Moryr 6utru nPoae

O n p e A e n e H l l e
eyef MoMeHT ApMeflL

xoropuii neryodur H,
t6e.4l.

O n p e A e n e H x e
qecTeye| MOMAtf ep
cucreMu xltrl e coctc

CyulecreYPqee nc
MeHT BpeMeHr t (}lH,
B crauroxaprtbtx Arc
3AATCAT OT MOMEHTA I
FHt,te ynpaBnneuo' llt
HO TOBOpRT TOnbKO I

AOCTllxtlMocTbK, H yn

nnxerixoi cilcreMbl M
c noMoulbK, OOOTBeT
Eaeuoi yPaBHeHleM

x{k + 1) = Axlkl + '

tl 
Ane npocrorrt enl

TeMbl 6yAYr xcnonrsoaa

5 t

3ro ypaxerre Moxer 6utru raxxe 3anhcaHo e Qopue

yzlkl = lKd2c\, Kc'2lxlkl + Kdzd{lkl '

KOTOpaR npl/|MeHUMa K Ct4CTeMaM OO MHOTUMU BXOAaMU U

;i,  i i  "d2 - npauoyronbHble Marpl lqbl '  nocKonbKy
' 

drc', - ord rKor"'r 
= K-r Kdzc\ - d2d 1Kd2c\ 

=

= (K-r - d2d1lKd2cr1 = Kdzcrr,

c\ - drdrKc'z = K-t Kctr - d2d1Kcr2 = Kc'z'  d2drK = Kdzdr'

flocne[xee paaeHcrBo AoKa3blBaercf, TaK :

K- r  dzd tK -  dzdr  =  l l  +  d2d l ld2dtK -  dzdr  =

= dzdr(  + d2dt lK -  d2dt  = dzdrK-t  K -  d2d1 = o '  (8 '20)

Ecnr noraeaHHaF Ha pr,rc. 8.3 ctlcreMa npeAcraBnaer co6oi 3aMKHyryp cxcreMy ynpaBne-

Hylf, c ynpaBnapqei n"p"u"""or U x ynpaBnseuoi nepeueanoh yz, To cHcTeMa, 3aaaHHaR

ypaBHeHrFMr (8'1 ), onrcutsaeT ynpaBnnpr'uee ycrpoicrgo' a cilcreMa' 3aaaHHaR ypaBHe'

HlrFMlf 18.21 , - vnp"ui"-.tuf 
'ob""*t' 

B orou-cnyrae AnR yAoBnerBopexnR rpe6oaaxnn

$nerlecroi peanr3yeMocTx. ynpaB nneruoro ooi"*t" *oason,lre"r dt aonxeH 6utru paaex

xynp. l,l nao6opor, AnF q|/|OpoBoro kopperupyloqero eneuerra-uil aonycKaeM dr+g

ypaexexrn oocroFHxf,, nonyqexxure an"'n5i"nn"nrxofi, nocneAoBarenrxoi xoxQnry'

paUltyt r,t K'H6xrypaqr, " OOpitr.i Cs'suto, npt4MeHrMbl r ABYM .4CTeMaM C oAHvlM ax.-

aoM rr oAHvrM "",tooot' b6;6t'l;";t;a 6onuulee qrcno cllcreM He npeAcraBnRer oco6ulx

rpy4xocrei .oxoxqarenuxb|eBb|paxeHlrn,nonyqeHHb|eAnFo, |cTelcoAHytMBxoAoMuoA.
HrMBb|xoAoM,np} |MeHr|Mb|TaKxercrgremauooMHory|Ml |BxoAaMx! lMHorhMl/ |Bb|xoA&
Mr npr,r ycnoBHx, ,roEi')'io,'it'i,'a,t utd2-3av|e{eP|bl Ha coorBercrBypqne npf,Moyronb'

Hbte Marprqbr. Ecnr ^r"i oeir"i*rii (i rpyinutx cxo6rax) pa3MepHocr, orAenbHblx Marpllq

xatcAilnt;nil,Bilnt,r,r,';,6;';ti';-o)-uli!'!= 1' 2' raB nt- nopsaoK ooorBercrBvpqetr

cucTeMbt, p; - {l,|cno eurxbaHui nepeMeHHblx h /'1 - {}tc[o BxoAHb]X nepeMeHHblx' TO AnF

clfcreMbt c o6parxori cBg3bp AonxHbl ettnonnaiucR ycnoBvls. Pr=rzurr=Pz'Pegynuu'

pypurxe Marperqbr rt";t ' ;;#;;;;; i i6it 'av;pzi'clrtnl 
n Dlrrir l '  rAe n = nt + n2'

ButaoA np,rBeAeHHblx Bblue ypaaxerni cocionxrn AnF Apyrux egaruxutx pacnonoxexui

cltcTeM n peAocTaa nneTcn qllTaTenp'



atui  (8.81 -(8.t21 ony-
ptlHXMaeT BnA rno"o 9

bzdrKrlk l .

(8.r3)

(8. r4)
xol cgaerp Moxxo npeA-

(8 .15)

HEHXE BbIXOAA XMEET BXA

+ drlkl. (8.16)

(8 .17)

rxMx BbtxoAaun, rgecl,

(8 .18)

(8.19)

(8.20)

iHyryK) cl4creMy ynpaBne-

121 TO ilt9reMa, 3aAaHHaF
rsTeMa, 3aaaHHae ypa8He'
BnerBopeHlrn rpe6oaannn
rr d2 AonxeH 6rlrr paeex
B Mbf  AonYcKaeu d1*O.
reAoBarenbHoi tcoxQrrY-
I cucTeMaM c oaHt.|M BXO-
He npeAcraBnner oco6utx
M C OAHhM BXOAOM X OA.
laMx !r MHOTvTMH BbIXOA&
rTCTAy|()lUyre npf, Moyronb-
FrocTh oTAenbHblx MaTpxq
psAoK ooorBercraytouleri
brx nepeMeHHblx, To anF
= f2 tt t1 = Pr. PesYn*n'
D l r r ; r l  ,  r A e  n = D r t t t z .
B3axMHbrx pacnonoxexni

CBORCTBA C}ICTEM

$ 9.1. Ilocmrroruocrb, ynpaBJueMocrb r cra6rmrslrpyeuocrb

flpr peuexnh 3aAa{ ynpaBneHhf, MeroAaMh reop}r,r npocrpaHcrBa cocroaxni yqetrbtaaprcn
HeKoropbre Qyxgauexranuxute caoicrBa AuHaMuqecKyrx cyrcreM, Koropbre He Bcrpeqaprcn
B Knaccx{ecKoi reoprr ynpaaneHlrn, oneperpyloulei ronuxo BxoAHblMr,t r,t BbtxoAHbtMu c14r-
HanaMu paccMarpxaaeuoi crbreuut. Srrun cgoicraauu RBnFxlrcR AocruxoiMocrb, ynpaB-
naeuogrb n cta$inusupyeMocrb chcreM. Bce aru rph noHFTha, a raKxe 6 Aryrue. Koropbte
Bcrpe{aorcn a 5 5 9.2 ra 9.3, onpeAennprcn crporo. Oxn npeacraBnnpr Hxcrpyuexr, Koro-
pui nosaonner KparKo Bbrpa3r,rrb ra c$opuynvrpoBarb ycnoBern, xeo6xo4ruure Ans peureHnn
3a.qaq cxHTe3a, T.e. Anf, pacrrera ynpaBnapLtlero ycrpoicrBa, Koropoe o6ecneqraaer onTr-
ManbHoe a 3aAaHHoM cMblcne ynpaBneHxe.

3Aecb cneAyer orMerrrb, {To reopra npocrpaHcrBa cocroRnni, KaK r reopxn ynpaBne-
Hr,fF B qenoM, paccMaTpuBaeT He peanbxure o6rerrul, a nx MaTeMaTlrqBcKxe MoAenl/|. cneAo-
BarenbHo, nplrueHaeMbti sAecr annapar Moxer 6utru ronuro MareMar[{ecKytM, x raKxMh
xe RBnnxlrcf, peuJeHrf,, Koropbre Aaer 3Ta raoprn. flpr pacrere ynpaBnapulero ycrpoicraa,
o6ecne{reapulero onr}rManbHoe B onpeAenexHoM cMbrcne ynpaBneHhe 3aAaHHbrM o6terrou,
Teopgra npocrpaHcrBa cocroRxr.ri lacro rpe6yer or ynpaanaeMoro o6rerra BbrnonxeHxn
ycnoari ynpaBnneMocrr n xa6npAaeuocrh t69.41. Burnonxexre arrx rpe6oaaxri qacro
nO3aOnReT HaM pacC{l,lTblBaTb OnTllManbHoe ynpaBneHxe c nOMolllb0 npOcrblx MaTeMaTr-
{ecKvrx onepaqni. 9ro, oAxaro, He o3Haqaer, rrro HeynpaBnneMan n xexa6npAaeMan cytcreMa
He Moxer 6rtru ynpaenneua cy6onruManbHo B npaKTx{ecKoM cMbrcne. CneAyer 3apaxee
oruerlrb, {ro sra6rnr3xpyeMocrb u o6rapyxr,rBaeMocrb o6texra RBnaK}TcR peuJaKrulrMll
.qnn peanr3auxx ynpaBneHvra vrM. 3n,t ocxognure noHFTlrR onpeAennxlrcn g sroi rnaee.

Mu 6yAeu nocneAoBarenbHo onpeAenarb ocHoBHure cgoicraa cxcreM x noKaxeM, KaK
oHta Moryr 6urru npoaepexur.

On peAen exr e 9.1 .Cocroauue xltrl nuneiaot cucreuu docruxuuo, acnu cytuecr-
ayer Moruerlt ereMeHu fo ( tr, zde ltr - ro) - xone,tHtri uHreryan, u nxor exod ultl ,
xoropuii neryodur Hasnbqoe aocrof,Hue cucrenu x(to) = O e xenaeuoe cocroanue xltrl
t6e.4l.

OnpeAeneHxe 9.2. Cocroaxue xltt l nuxedxoi cucrewbt ynpaenf,eMo, ecnu cy-
qrcreyer Mofrrenr epeMeHu t2)t1 u raxot exd ultl , xoroprE neryeodur aocrof,Hue
cucreMbt x(tr ) e cocrof,Hue xltzl = O npt ycnoeuu, ,tro uHreryan tz - tt KoueyeH.

Cyrqecreyloulee noHf,Tvre raK Ha3braaeuofi nonxoi AocrlrxlrMocrr4 clrcreubt') a mo-
MeHT BpeMeHx t o3Haqaet, wo nn6oe cocronHxe xltl€X Aocrx)tolMo lrnr ynpaanf,eMo.
B craqnoxaptbrx AncKperHbrx orcreMax Aocrr,rxlrMocrb 9r ynpaBnneMocrb oocronHr,rn He
3aallceT or MoMeHTa BpeMeHx f1. Ecnr K ToMy xe chcTeMa HenpepbrBHa, To KaXAoe oocTo-
RHne ynpaanaeuo. flogroMy B nrTeparype, nocBatqexnoi xenpepblaHbtM crcreuau, o6ur-
Ho roBopar ronbKo o6 ynpaanneMocrn, nocKonbKy 3Aecb orcvTcrgyer pa3nxqne Merqy
AocryrxxMocrbp x ynpaBnneu^crbp oocroaHlln. Haqanuxoe @croaHxex(fol Henpepttaxoi
nrxa)ixoi cricreMbl Moxer 6rrrs nepeeeAeHo 3a KonerHoe BpeMR e np6oe Apyroe oocronHre
c nououlbro ooorBercrBypulero BxoAxoro clirHana. Ann nrcxperroi olcreubt, onrcbt-
aaeuoft ypaBHeHxeM

xlk + 1l = Ax(kl + bu(kl , (e.1)

') 
Ana npocrorbl BnpaAb BMocto repMltxoB "nonxan 

Aocrtaxlruocrb" l"nonxaa ynFanaoMocrr..l orc.
reuur 6y4yrucnonbsoaaHbt repMxr{bt "aocrr,rxoruocru" l"ynpanaarrocrr"l cecleMbt,
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3TO CnpaAeAnvl8o, ecnll

det [A] # 0. (9.21

lrl: eurpaxenna 17.621 lr onpeaBneHvtn Marp,tqbt A=exp[Ff] cneayer, so Y Marprqbt

ArcKpeu3oBaHHoi Henpepusnof, oicreMbr acerAa det[A] *0. Ann AncKperHbtx xe cxc'

reu, QuarrecKan nprpoAa Koropbrx r€ RBnnerca HenpepbraHoi, xanpluep Ana qrQpoautx

KoppeKTtrpyptqrx 3neMeHToB, AlrcKpeTHbrx aBToMaToB vr T.4., ycnoBhe (9,2) eurnonHner-

ca He BcerAa.
Tpe6oaaxre nepexoAa crcreMbt !t3 npox3aonblroro oocronHHn B Apyroe npoll3BonbHoe

cocronxre MoxHo 3aMeHrrb xa rpe6oaaxxe, Koropoe 3aKnpqaerca B ToM, ilro cxcreMa,

nepeBeAeHHaa n3 HyneBoro oocToaHha B HeHyneBoe oocroRHlle x(tr ), AonxHa 6crrt nepe-

BoAxMoi B xcxoAHoo Hyneaoe oocroFHhe c noMoLqbp ooorBercrBypqero BxoAHoro o,lr'

xana. Ecnr c[creMa yAoBnerBopf,er raKoMy rpe6oaaxno, To Mbl Ha3btaaeM TaKyp cxcre

My oapru$oti.
Hanpuuep, cucreMa

KOrOpaR npeAcTaBnaeT nocneaoBaTenbHoe ooeaHHeHxe AByx 3BeHbeB nepBoro nop6aKa,
He FBnRercF o6parnuofi. Cocroaxre x(1) eroi crrcreubl ynpaBnaeMo, lil)cKonb[y npr
Ha{anb6oMcocrof ,Hr i } rxr (01 = [xr (O),xu (0] l ,xr (0]  *O,x2(0]  +0 Mbl  nonyqaeu x"(1]  =
= [x2 (01, 0] r xt (21 = t0,0l . OAxaro era q4creMa HeAocrylxnMa, nocKonbKy ee Henb3n
nepeaecTlt x3 HyneBoro Ha{anbHoro oocTonHran B Apvroe npox3BonbHoe oocToFHvle c no'
Mol{uo np6oro exoaa u(k) .

nocneAyputxe groorHoueltlt6 Moxno nonyqlrrb x3 ycnoBxf AocrxxrMocrx x ynpa8'

nReMocrlt.
I'la eurpaxenne 17.1) cneAyer, {ro

xk l  = 4xr1} l  + Ak-rOu{O} + Ak-2bt f i l  +  .  .  .  +  Abulk -21 + bulk -  1 l  =

=  Akx lo l  +  l b ,Ab , . .  .  ,Ak - r  b l l u l k  -  I l , u l k  -21 ,  . , .  , u (o ) l ' .  ( 9 .3 )

AnF xCcneAOBaHlF Apcrlrxyluocrt4 oocroaHlln x(k) nonoxr'ru x(0) = 0, raK qro nepBoe

fir.r"ro" a npaon 'tacr.' Bbrpaxexrn (9.3) xclesaer. Tor4a nro6oe oocroa6re ]13 npocr-

paHcraa, HarFHyroro }|" ""*toplt b' Ah.'^: " :1"-' b' Aocrllxxto 3a n ularoB npu aoaAei'

crBrfx BxoAHof nocneAoeit.n"*o"'i u(il), u(t ), . . . , uln - 1) . err,r ,aeKropbr Aon,o'bl 6blrb

nxHefHo He3aBrcgtMbt t) Ann toro, tto6ut clilcreua (9'1 ) uorna 6ulrunepeaeAgHaBxenae'

;;;;il;; xh), rne n - pa3Mep{ocrb npocrpaHsrBa cocronnnfi. l4r sroro Vcnogrn

cneAyer- 
fb-opeua 9'1 ' Cocroanue xlnl arcrelubt 19'11 docruxuuo' ecnu u ronbrco ecnu

pir-i "iiiu", tO,ii,...,A"-rbl Nen pasMeptocru npcrryHcrea cocronnu1 n

oqeE[AxO, qro npoh3BonbHoe oocronxre x(k] He AocrxxhMo, ecnx k 1n. Ecnn k = n,ro

C1;CTeMa AOCTl,txriMa, XO g O6qeu Cnyqae npr'r k ) t MOXeT 6Utru XeAOCrnlc'tugi' HAnplr'

Mep, B cnyrtaeo6teKTa corpsHx{eHHtlM axoloM. L aL t i-t r-T"o 
pe M a 9.2.Ecau eeKropA'bnune-iln9 3aaucuroreeKrorye b' Ab' 'A' 

-o'

ro xaxcdhit nOUedvot4ut eexrOp A^b, m )i, raxvce saeucur or grux Ie eeKropoa'

Aoraxeu reopeuy 9.2. Cornacxo npeAnonoxeHltp Mbl llueeM

' (k.,r=[ :  j ] ' ,*, . I i ] ,n,,

rae B nocneAxei cyrrlue n
sroi cyuuu, Mbr nony'il4M

1 _  |

A i + r b = ' Z ' o c * _ r A k t
t =  I

i -  |
+ oci -  

r  2-  oqAtb =
i = o  I

llpegnona-raa, {ro yrBr
. . . , A'*^ - 'b, 

Aoxaxeu, .

i _ l

A i * ^  b  = '  Z '  o c . A i + n  b ,
i = o

l o c i - m + r A i * l b +  .  , . +

I  _ l

. . . + o c i _ r ' E ' ( n - l ) " ,
i = o

flepaoe cnaraeMoe B nPeA
aoKa3braaer reoPeuY 9.2.

Cornacro reopeue9'1 t

O.D -- lb, Ab, ' . '  ,An-

p a e x h = n . B 3 r o m c n y $ :
aarenbHocrb gxarexni YnP

ulkl = oi lxlkl - Ak xl

Ycnoet,te YnPaBnReMog
aeneHHs 9.2 cneAyer, rror

Anx l0 l=  - l b ,Ab , " '

x ( 0 ) =  _ I A - n b , A - n *

fl,nn roro qro6ut cvcreua
Aenerllp 9.2 sa n uaroB r
u ( 0 ) , .  . .  , u l n  -  1 )  e  o c
Halo, qro6ut ocronxue
A - n b , A - n * r b , . . . , A - r
B npoTlBHoM Cny{ae @gt
cneAyer

T e o p e r r a  9 . 3 . C . o c r
pne h Matprub, lA-'b,t

Oqeanaxo, {To 3Ta reo
6ltno otueqeHo, t{To 3To
Aepxaq,tx reaxrYPr{ui
Marpr,rqa A uoxer 6rtrr
onpeAennTbcF Ha OCHOBe (

Ecnr a reopeue 9.3 o(
detA * 0. 3ro noArBepx
Op, onpeAenaeuofi reoP
Ha HeBblpoxAeHHyK' MsTl
nyrnM MaTpt,lqy Op, 8 |
CneApearenrHo, ecnr M€
MOCTT SKBNBANEHTHbI.

.  t - t ^  :
Atb= 2 "c1A'b.

i = o

CneAypurrf, BeKTop MoxHo rorAa Bblpa3rrb raK:

Ai+r  b = ' -2 '  o" ,4 i* t  o  = i ,  oc l r_1Ak b,
i = o  

'  
k = l

(9.4)

(e.5)

*l 
Onpeapnexrre nlnelxol Ho3.Bl.cl'ltaozTll BeKTopos cu' s npr'rnoxaxln 5'
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(9.2)

cneAyeT, {ro y MaTp}rqbl

4nn Aucrperxbrx xe crc-
HanprMep Ann ur0poeutx
cnoBlre (9.2) surnonnaer-

n B Apyroe npo[3BonbHoe
IETCR B TOM, qTO C!iCTEMA,
r(fr L Aonxxa 6ttru nepe
;TAyKrulero BxoAHoro calr-
tbr Ha3btBaeM TaKyx, cl|cre

teHb€B nepaoro nopFAKa,
SBnReMO, nOCKOnbKy npti
I  Mbt nonyttaeu xt1t1 =

ta, nocKonbKy ee Henb3n
lBOnbHOe OOCTOFHvIe C nO-

AoCTl,lIqMOCTlr yl Ynpaa'

\u lk  -  1 l  =

(9.3)

x(0) = 0, raK {ro nepsoe
rK)6oe @cronHhe n3 npocr'
| 3a n UJaTOB npu BO3Aei-
rx BeKTopbt aonxxut 6uttr
r 6urrrnePeaeAeHaa xenae-
ronnnft. llg eroro Vcnoane

,tMO, eCnU U ronbKo ecnu
ocrnHcrea cocroauuii n
, ecnn k (n. Ecnn k = n,ro
,rTb HeAOCTX)lOruoi, xanpl'

n a  b ,  A b .  , A i - t  b .
)tux r(e eeKTOpOe.

(e.4)

(9.51

rAe a nocneaxei cyuue npo8eAeHa noActaHoBKa i + 1 = k.
oroi cyuuul, Mbr nony.tt,tM

i -  |  t - l

A i + r b =  
' > ' o c r -  

r A k h +  
o c 1 - 1 A i b  =  

' E ' o c r -  
l A k b +

t =  I  t =  I

Buraennn nocneAHee cnaraeMoe

+ oci- r 
' ,?l or,o,u = 

, ':: 
'c1Aib. (e.6)

i _ l-  
2 -  o  c x  - ^ A k  b  +  o c i - - A i  b  +

k=m

(e.7)

(9.3) eutqhcnlrrb nocneAo'

(e.9)
(9.3) . l4s onpe'

(9.10)

( 9 . 1 1 )

6.

Ilpegnona-raa, {To yrBepr(Aexue reopeMbr cnpaBeAnrBo AnEaeKropoe Ai*2b....
. . . , At*^ - t D, AoraxeM, {To oxo cnpaeAn}rBo u anf, BeKTopa Ai*^ b.

Ai*^  b = i1t  o" .a i*^  6 = 
i+f - t  o"r_ 

^4k 6 =
j = O  k = m

I  oc i -^*  
rA '* '  b+ .  .  .  +  o " i  -  rA '*^  

- r  
b  = 

l r r  o  cp - -  Ak b + o c i -mt i '  o" ,Ai  b *  .  . ,
k = m  j = O

.  .  .  + oci-, ' , : l  r^ - ')  " iAi b ='1' {^)",ai 6.

nepeoe cnaraeMo€ B npeAnocneAxefi cyuue paBHo HynKr, ecnu i - 11m. Burpaxexue (9'7)

aoKa3blBaer reoPeuY 9.2.
Cornacxo regpeMe 9.1 cOcronxne 64cregbl (9.1 ) AocrrxxMo, ecnn paHr Marpnqbl

o . s =  l b , A b , . . . , A ' - r b l  
( 9 ' 8 )

peex i = n. B erou cnyqae Mbl MoxeM c noMolllbo BblpaxeHhn

Irirn""oot graqexnfi ynpaBnnpqeft nepeuerxoi

u ( k ) =  O - J  t x ( k )  - A r x ( 0 ) l  ,  k  =  1 , 2 , . . .  , n '

YcnoannynpaBnneMocTl|uoryr6rtrrTaKxenony'{eHb|r43BblpaxeH[a
n n.rr" 9.2 ininyer, qro x(k) = xlnl = 0 r x(0) * 0' Mut lrMeeM

A n x l o l =  -  l b , A b , . . .  , A n - r b l l u ( n  -  1 1 , .  . .  , u ( o ) l r ,

x ( 0 )  =  -  l A - n b , A - n + r b , . . . , A - r b l l u l n  -  1 )  , . . .  , u { 0 ) l '  =  - o n u ( k ) .

finn rOrO ,trO6rt CIcreUa 6ttna ynpaAn6€Ma, T.e. Mqrna 6utru nepeeeAeHa oOrnaCHO onpe

ftna"r,o 9.2 ga n uaroB el3 cocro'Ht/ta x(0) * 0 c nououlup axoAxoi nocneAgaarenbH(rcrvl

; ioi;... ,rtn- 1) e ofioniue xlnl=0, rAe n - pa3Meprocrb npocrpaHcrga @cronxvti '

xa4o, qro6rr cocronxr,re x (0) npr,lHaAnexano npocrpaHcrBy, Har6HyroMy Ha aeKropbl

A:nb,A-n+rb.,. , ,A-r b.Otn BeKropbt Aonxfibt 6etru nuneino He3aBt,tGylMbl, nOCKOnbKy

S npOTxBHOM Cnyqae 9OCTOFHy;e X(n] = 0 He MOxeT 6tlrr AOCrrrXyrO' hr cxagarxOrO gulure

cneayer- 
i;; oe M a g.3. Cocroanue xlgl * O cucrenu (9.1) ynryanne*to' ecnu u ronbKo &nu

prii i"rpnU"t lA'r b,A-2b,. .. ,A-nbl pdeu FsMeprocru n nrycrryHcrea ooctof,Huu'

OreanAxO, ttTO 3Ta TeOpeMa CnpaBeAnIBa rOnbKO np1,1 Hegblpq)l(AexnOi uarpn11eA' Paxee

6rtno otue.|eHo, {To ero'rpe6oaaHxe BoerAa Bb|nonHFeTcR E Henpepb|BHb|x cy|cTeM8x, oo-

treoxauly|x rEaxrvptgni 3neMeHT. B cucteuax, KoTopb|e no cBoei nprrpoae A[cKpeTHbl,

ilt'.G A moxei 6urru u meo6parruoi. _B-.trou cnyqae ycnoBre ynpaBnReMocrx Aonxpo

onpeAennrbcn Ha ocxoBe ooorxoueHvln (9.10) '

Ecnr a reopeMe 9.3 o6parxan r marpnqe.r4 cyqecrByer, ro era Marpllqa HeBblpor(AeHa vl

detA *0. gro noATBepXAaer ycnoBxe (9.2) . Cneayer raKxe orMerllrb, tlro paHr Marpl,lqbl

oR, onpeAeneeuoi reopeuoi-9.3' osraercn Helr3MeHHblM, ecnr "tY-lT]rly,yJti:Yl"

xi-xeautpox4eHHyto Marprqy. Ecnn 3Ty- Marpruy yMHoxurb cneBa Ha MarPr'lqy A'-, Mbl no'

ryrr"-*i.ifJuy bp, a xorbpon cron6qul, oAHaKo, pacnonoxeHbt a o6parnou nop€AKe'

cnelpaarenrxo, ecnlt MaTperqa A xearrpolt<geHa, To ycnoBun AOCrll){(t4MOCrH u ynpaBnae-

MOCTX SKBXaSneHTHbl.
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(e.21

cneayeT, t{To y MaTp9lqbl

lnn Arcrperxbtx xe cltc'
HanplMep Ann un$posstx
:noavre {9.2) Errnonnner-

I B Apyroe npon3BonbHoe
erca B ToM, qTo chcreMa,
:(tr ) , Aonxxa 6urrt nepe
f,aypulero BxoAHoro calr'
bl Ha3blBaeM TaKyp crcTe

reHbea nePBorO nOPeAKa,
lBnReMO' nOcKonbKY nPr'l

Mbr  nony{aeu x r ( l )  =

ra, nocKonbKy ee Henb3n
BOnbHOe OOCTORH6e C nO-

AOCTX)|C4MOCTI4 X ynpaB'

u(k -  1! '=

. (e.31

r(0) = 0, raK qro nepBoe
ro6oe cogronHlte t,t3 npocr-
3a n uaroB nPr aoeAei'

'lr BeKTopbt Aonx<xut 6ttrr
6utrr nepeeeAexa a xenae-

onnr,ri. I'lg eroro vcnoErn

,MO, ecnu u ronbKo ecnu
,crpHcrea cocroauu0 n
e c n r k ( n . E c n r k = n , r o

rTb HeApcrxrcrmoi, xanpl'

Y r a  b , A b ,  , A i - r b '
TUX ,Ce eeKropoa.

(9.5)

rAe B nocneArai cyuue npoae.qexa noAoaHoBKa i +'t = k. Buraennn nocneAHee cnaraeMoe
rroi cyuuu, Mbr nony{xM

I _  |

o i + r  6  = '  - '  o c r  - r A k  b  +  o c i - t A i b  =
k =  |

+ oci- r 
t,?| o",o,o =

' l t  o " * -  
1Ak  b  +

t ( =  I

t i"",Aib.

j = o
(9.6)

(9.7)

(9.3) eu.rrcnhrb nocneAo'

(s.9)

(9.10)

( 9 . 1 1 )

Ilpegngnalaa, wo yrBepx(Aex[e reopeMbr cnpffieAnhao AnF BeKropoa Ai*zb,.. .
, , . , A''^ - t b, 4oraxeM, {To oHo cnpaeantaBo r AnR BeKTopa Ai+m b.

, .  i - l  ^  , .  l + m - l
A ' * ^ b =  2  o c , A l ' m b

j = O  k = m

o c p  - ^ A k  b  = ' i '  o " r  - ^ A k  b  +  o c i - ^ A i b  +
k=m

r o c i - m + r A t * r b + .  . .  +  o " , - r A ' * ^ - l D  =  
' t t  o c y - ^ A k b  + o c i - ^ t i t  o " , A i b  *  . . .
k = m  i = A

. .  .  + oci-r  ' ,?]r^- ' ,  
" ,o,o=',?i@)".4i6.

f-fepeoe cnaraeMoe B npeAnocneAnei cyuue paBHo HynKt, ecnn i - 11m. Burpaxexre (9'7)

AoKa3brBaer reopeuy 9.2.
CornacxoreopeMeg.l cocronxuecrcreMbr (9.1 ) aocruxuMo, ecnil paHr Marplrqbl

O . o =  l b , A b , . . . , A " - r b l  
( 9 . 8 )

paeu h = n. B erou cny'{ae Mbl MoxeM c noMolqbKt BblpaxeHha
BarenbHocrb gxaqexni ynpaBnnxlqei nepeuexnoi

u k ) = O - J  t x ( k )  - A f t x ( 0 ) ] ,  k  =  1 , 2 , . . . , n .

ycnosha ynpaBnReMocrr Moryr 6rtru rarxe nony{erbl x3 BblpaxeHvrn (9.3} . l4g onpe-

AeneHra 9.2 cneayer, {ro x(k) = vlnl = 0 ra x(0) * 0' Mrt vlueeM

A " x ( o l  =  -  l b ,  A b , .  .  . , A t t - r  b l l u ( n  -  1 ) ,  .  .  . , u ( O ) l ' ,

x ( 0 )  =  -  l A - n b , A - n + r b , .  . . , A - r  b l l u l n  -  1 1 , .  .  . , u ( 0 ) l r  =  - o n u ( k ) '

f[nn roro ,tro6ur cl,lcreua 6rrna ynpa3nReMa, T.e. Morna 6utru nepeeeAeHa oornacHo onpe

Alnexuro g.2 ga n utaroB et3 cocronnnn x(01 + 0 c nououlsto ExoAxoi nocneAoBarenbHocrll
, lOt,.. .,uln - 1) e cocronxre x(a) =0, rAe n - pa3Mepllocrb npocrpaxcrsa cocronxui,
xa4o, qro6ut oocronxue x (0) np,lHaAnexano npocrpa6crBy, Har6HyroMy Ha BeKropbl

A-nb,A-n+rb, . . . ,A- t  b .gtu BeKTopbt  Aonxorbr  6crru nrneixo He3aBrcrMbl ,  nocKonbKy

B nporxBHoM cny{ae oocro61re xlnl = O He Moxer 6utr Aocrrrxyro. ha cKa3aHHoro Eblule

cneAyer
TLooeua 9.3. Cocroanue x(0) * Ocucreuu 19.11 ynpaenneMo,ecnu uronbKoacnu

pane h ,arprrtt", lA-r b,A-2b,...,A-nbl peev pasMeryOcru n npocrryHcreacocroauui.' 
OreguAxo, 'tro sra reopeua cnpaBeAnlraa ronbKo npu HeBbtpo)toexxoi lrlarpuqeA. Paxee

6trno otueqeHo, qTo ero rpe6oeaHxe aoerAa BbrnonHReTcF B HenpepblBHblx cticTeMax, qo-

Aepxaulxx rgaxrytoull,ri sneMeHr. B cncteMax, Koropbte no caoei nplpoAe AhcKperHbl,
Marprqa;4 lroxer 6rrru r neo6parruori. B.erou cny{ae ycnoBue ynpaBnneMocrx AonxHo
onpeAennrbcF Ha ocHoBe ooorHou.leH,ln (9.10) .

Ecnn s reopeMe 9.3 o6parxan K Marp1qe,4 cyqecreyer, ro 3ra Marpllqa HeBblpoxAeHa H
detA * 0. 3ro noATaepr(aaer ycnoBxe (9.2) . Cneayer raKxe orMerltrb, {ro paHr Marprqbl
Og, onpeltenneuoi reopemoi 9.3, ocraerca HersMeHHStM, ecnlt 3ry Marp,llly JMHoxrru
Ha HeBbtpo)t(AeHHyp Marpruy. Ecnn ery Marprtly yMHo)to,trb cneaa Ha Marpllqy ,q", Mbl no'
ny{xM MaTpruv oo, a roropoi cron6[sr, oAHaKO, pacnoroxeHbt a o6parxou nop€AKe.
CneApsarenrxo, ecnr Marprqa A xeaurpon(AeHa, To ycnoarF Aocrt4xl,lMocrl,l er ynpaBnFe-
MOCTl,t SKBllBaneHTHbl.
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Cpaarraan ycnoBnF aocrrtxlrMocrn (reopeua g.1 ) c ycnoB[FMlr ynpaanneuocrr (re-
opeMe 9.31, uu BnAuM' rro rpe6oaaxre o6parrmoct, xeoOronrMo o3Ha{aer, {To Marlr,t-qaA aonxHa nueru o6parHyp r.e. aonxHo BbrnonHarbc' ycnoarc tg.zi. 

- '--- ' 'r- -r- 'F'

Berropu, cocraBn80ulhe Marpr,uy Op, o6nagarcr caoicraou" "ranoarq""ru caoficray
aeKTopoB,-KOTOpbre coclraEnsK)r Marpully op: ecnr BeKTop A-ib nnxeiuo 3aBrcrr oraeKropoB A'b, . . . ,A- t ' - ' ,b ,  ro eee nocneAypt{ l , te  BeKTopbt  A-n b,m} i ,  taxxe nnHeixo eaarcFT or 3Tl,tx BeKTopoB. Moxxo raKxe AoKa3arb, {To ecnn cron6lrr riipr,li,op nrxef,ro He3aglrclrubr, ro sronfurr Marpgrqbr op ii*ie nr"eix-o aesaaraauur.

llocxonrry e aanrretiureM Mbr B ocHoBHoM 6y4eu paccMarpilBarb A]rcKperHble crcre-Mbl, nopo)l(AeHHble HanvlrlreM KBaHTyKrulero SneMeHTa B HenpepbtBHblx o.tcTeMax, a KoTo-p6lx ycnoa[e detA*O BbrnonHaercf, Bcerga, ro xeo6xoAruo'6y4er locneAoBarb ronbKoycnoBxe locTxxMMocTh.
B Henpepurenbtx cl4creMax rpe6oaaxhe AocrxxxMocrr{ cocronHxa coBnaAaer c rpe6o.BaHheM ynpaBnReMocrn, u no3ToMy B TexH[qecKoi nrreparype no HenpepbtBHblg cucre.MaM vlcnonb3yercn ronbKo noxnrre ynpaBnneuocrr. Oqexr qacro ycnoBhe ynpaBnneMoc

Tu onpeAenaerca, KaK B TeopeMe 9.1, r.e. 3aMeHBercR ycnoBneM AocrltxytMocryt a AxcK.perHblx cercreMax. Henpeputaxan crcreMa, Ha BxoA roropoi nocrynaer crynexlaran eyxx.qxn lr BbrxoA xoropoi KaaHryercF chHxpoHHo oo axoaoM, Moxer 6uri xeaocrrard"d,
Aaxe ecnn HenpepblBHan c-t4creMa ynpa8nneMa. 3ro nporcxoAxr B ToM cnyqae, ecnx xapaK.replcrl'l{ecKoe ypaBHeHre Henpepbl8Hoi crcreuu ,Meer no rpaixei Mepe oAHy napy KoM.nneKcHbfx xoptei c paaHbtux AeicraurenuHbtMlr {acrnM}t, T.e. ecn}t st',2 = at'i<rs. A anai.pe.THgM aapyraHTe ycnoaxe Aocrxxr4Mocnt Hapyuaercf,, ecnh nepnoa reaxroeaxrn f==  k r l a ,  k  =  1 , 2 . 3 , .  . .

34ecr cnegyer orMerrrb, qro B cucreue, Koropan He aBnnercR Aocrrloruoi (r ynpaann.
euoi) B yKa3aHHoM Bblure cMbtcne, npxHeKoropbrxnpeAnonoxeH[ax Moxer 6urr o6ec.ne{eH c noMolllbp ynpaBnFpqero ycrpoicrea, HaxoAnuleroca a 3auKHyroi oacreue, yatoi.
1rau1r nPo-qecc ynpaBneHlla. B raxou cny{ae Mbr roBopr4M o ctafuinnsnpy"^rof #;;;;.B pa6orax [68.1 0, 72.b] npnaeaeHo cneAypl{ee onpeAeneHue.

OnpeAeneHue 9.3. Cucreua 6, Bl -"odti isi iveu", ecnu cy.uecreyer raKa,deilcreurentH,a, Marpuqa- \, lro Lrarptqa A-BK v"roaii6i, i.e.-qro dna e@x a6creex.Hux sHayeflui uarptqu A-BK uneer uecro l\11< 1, i = 1,2, . . . ,n.
Cornacxo Apt/roMy onpeAenexhp crcreMa (A, Bl qafutnn"rpl"-", ecnn u ronbKo ecnllBblxoAHble KoMnoHeHrbt (uonu), oooTBeTcTBypulue rcycroirr,rarru co6creexHbtu 3Ha.{eH}raM Marpntlbt A, Aocrrrclurr.
onpeAeneHue 9.3 yreeplr<gaer, qro Boe, qro reo6xoAuuo gnn craarnrsa\nu, - 3To yn.pagnapqee ycrpoicrao, BbtxoAHbte ynpaBnnpull.te nepeMeHHbre Koroporo npeAcraBnnpr

nrxeixoe npeo6paaoeaHue BeKropa @cronHtrn, T.e.
u ( k l = - K x l k l .  ( 9 . 1 2 1
Ycnoera crafutnn*tpyeMocrlt e AeicraurenbHocrlt _ 3To ycnoalrR ycroiueocrr 3aMK-xyroi crcreMbr ynpaaneHnn, coAepxaulai xeycroiqreuri o6"c*r, a roropoi BxoA sne.uexra o6parnoi cERgtt (ynpaennpqero ycrpoicraa) onpeaen"ei"" "e*ropoM nepeMeH.Hblx cocroFH|ia ynpaBnaeuoro o6terra. Mrt aepneucR r eroi ao3MoxHocrli pact{era yn.paannpqero ycrpoicraa e saurxyroi cttcreMe ynpaBnexrn B cneAyplql,rx rnaBax, nocBR.lqeHnbrx 3aAa{aM chHTe3a, B Koropblx ocxoaxoi uenbp FBnRerca pac{er uarplurr K.

$ 9.2. Ha6mo[aeuocrb, BocsranaBJr[BaeMocrb r o6napyrcnaeMocrb
Bo uxorrx cnyqanx oocronHyte cucreMbt (9,1 ) xe r3Mep6erca lt, cneAoBarenbHo, ynpaBne.
HI'le cornacHo ooorHoulexup (9.121 He Moxer 6utru xenocpeAcrBeHHo peanrsosaxo. Ta.xru o6pasoM, Bo3Hl'tKaer Bonpoc, MoxHo nh onpeAenhrb BeKTop oocro6Hr6 no u3gepf,.eMoMy abtxoAy ltnh no x3uepf,eMbtu BbtxoAaM o6texra co MHornMlt BxoAaMlr lt MHorr. iMt,t abrxoaaMra? B aroi caa3lr Mbr pa3ntr.|aeM [69.4] xa6nroAaeMocrb cocroFHltF l,| BoccTaHaa nltBaeMocTb oocToaHrF.

On peAenexr,l e 9.4. Cocroaxue x(tol cucreuu na&tpd*uo,ecnu ono uoxer 6tntonpdeneno no dydyqun sHawHunrt euxodnoil nepuenao| ylii,i> to, u*r--iir"i)n :t - t6 KOH€.|€H

, O n p eA e n e H r e 9.5. Cocronnue x(tol cucreurt eoccraHsnueaeMo, ecnu oHo Moxer6urt onpdeneno no npranbt, sHaqeHuaM euxoduoti nepnenioti vkll, t<to,-, 
-;;

uHrewanto- tKOHeWH
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Ycnogna xa6npaaeuoc.
xoAs

y(kl = ct x(kl + dulkl

x ypaaxeHra cocroexra (
xoi Ana MoMeHToa apemell

y(kl = ct xlkl + du(kl,

Y(k + 1l = c'Ax(kl + ct b
V ( k + 2 1  = c t A 2 x l k l + c t ,

y ( k  +  n  -  1 l  =  s t4n - r r t

. . . + c r A b u l k + n - 3 1  +

Hnr B BeKTopno.uarglrxol

lir'.,, I l:L ,,-. " - t)J

I
d

c'b

c 'Ab

0

d

c ' b

c,  An-2 b c"  A,

trnt,t B KoMnaxrxoi $opue

Yn lk l=Qpx l k l+Prunk )

Moxxo noKa3arb, trro AnF
no3rqwr, ycnoaha xa6nro,
BbfxoAoa ynkl .

Ecnu gocnonb3oBarbca
craBneHhe Bbtxoaa nuxeixur

qlt, elt, r, x, otll = rtlt, gt

rAe nepBoe cnaraeMoe a r
HaTanbHbtM oocToFH[eM, a
HbrM crrxanou, Cneaoaaren

rllt, elt, r, x 1 . <':ll - nft,

- tl$, glt; r, x z, oll = rllt

l4g coorxourexrn (9.181 r
ulapTca, h oKoHqaTenbHoe t
xr - Xz. Paccmarpuaan @c
exne n nonaran x.=O, n3
cnyqae Har{anSHoe oocToFH
rnn 6yAyulrx gxaqexui ar
e npaeoi {acr}t BbtpaxeH[R

Ecnr.r uarprqa Oo xeeur;
crpoKx Marprqbt Op nnxefir

x ( k )  =  Qr t  vn (k l .



rFMu ynpaBnneuocrr (re-
IMO O3Ha{aeT, qTO MaTp9t-
(e.2t .

r,. axanornrHuru ceoicrey-tb 
nuxef,xo 3aBrclrr or

A-m b, m) i, raxxe nn-
o ecnu cronfubr Margiqbl
lo He3aancnMbl.
prBaTb al,tcKpeTHbte cltcTe-
rlBHblX CIICT€MaX, B KOTO-

yaeT xccneAoBarb TOnbKo

EHnR coanaAaer c rpe6o-
no HenpepbrBHbrM crcTe-

'o ycnoB[e ynpaBnneMoc-
M AOCTXX9TMOCTi! B Al,tCK-'ynaer crynexraran @yxr-
rer 6uru xe4ocrnxruofi,
t TOM Cnyqae, ecnll xapaK-
eri uepe oaHy napy KoM-
Cnn 51 .2 = a!ia. B Ar.rcx-
nep$oA xeaxroeaxlan f=

Aocrrxoauoi (u ynpaenn-
rHernx Moxer 6tlru o6ec-
rmrxyroi cxcreMe, ycroi-
a6tr nrrnpyeuoi crcrerre.

ecnu cyuecreyef raKaa
wo dna ecex co&reen-

rr.
'eMa, ecnh u TonbKo ecnh
rauru co6crgeHnblM 3Ha-

na&tnusaqnu, - 3To yn-
KOTOpOTO npeACTaanApT

(9 . r21

ern ycroivtrBocrn 3aMK.
T, B Koropoi ExoA gne-
rrcn BeKTopoM nepeMeH-
o3MOxX{OCTh paclera yn-
eAyKrulxx rnaaax, nocBf,-
crer uarprqur K.

b

cneAoBaTenbHo, ynpaBne-
-BeHHo peanrsoaano, Ta-
p cocToeHxn no x3Mepn-
,ruMlt BxoAaMn u MHorr-
MOCTb OOCTOAITi,IA n BOC-

to, ecnu ono uolcer 6urt
t)t6, uecnu uHferyan

ugaeuo, ecnu ono Moref
od ylt l, t l to, u acnu

xnx a BeKroplro-uarparxoi Oopue

I vwr I 
f::, I|. ;:; :- , I 1..,.,r

Ycnoern xa6nro4aeuocrr u BoccraHaBnlBaeMocrl,r MoxHo nonyqltrb h3 ypaBHeHxa Bbt-
xoaa

ylkl = cr xlkl + dulkl (9 .13t

lr ypaBlreHrn oocroaH?ra (9.1 I . BH||lacnf,R nocneAoaarenbHo 3Ha{eH}rf, aurxogxoi nepeMeH-
xo i  Ann MoMeHroa BpeMeH[  k ,  k  +  1 , .  . . , k  +n  -  1 ,  uur  nony$, tM

ylkl = cr xlkl + aulkl,
ylk + ll = c' Axl*l + cr bulkl + du(k + 1l'.
vk + 21 = cr A2 xlkl + c' Abu(kl + c' bulk + 1l + dulk + 21, (9 .14 t

y(k + n - 1l = c' An 
- lx (* ) + c' An 

-2 
bulkl + . . .

.  .  .  +  c t  Abu(k + n -31 + ct  bu(k + n -  2 l  + dulk  +n -  1) ,

0 0

d 0

c'b d
{9 .15t

xnvr B KoMnarrxoi Sopue
yn(kl = O*xlkl + Pru"(kl .

Moxno noKa3arb, qro AnR nuxetixutx ct4creM, ana Koropblx cnpaBeAnxa nptlHqun cynep-
no3elllrll, ycnoByt6 xa6npAaeuocrh Moryr 6utru @opuynlpoBaHbt ronbKo c noMoulbto

BbrxoAoB y"lkl.
Ecnn aocnonb3oBarbca cuMBonrqecKrrtr o6osxaqenraMn onpeaenexna 2.1,

craBneHvte BbtxoAa nuxeinutx cucreM t.rMeer anA

nft, alt, r, x, <'tll = rllt, 2ft, r, x, Oll + nft, ,p(t; r, O, al | ,

rAe nep8oe cnaraeMoe g npaaoi {acryr onpeAenner BbtxoAHyp KoMnoHeHry, Bbl3BaHHyK)
HaqanbHbtM cocToRH[eM, a BTOpOe CnaraeMoe onpeAenFeT KoMnoHeHTy, Bbl3BaHHyp BXOA'

HbrM curHanou. CneAoearenbHo,

nft, gk: r, x1, coll - nft, gft; r,x2, t'sll = rtft,,plt; r, xr,oll -

-  t l l t ,  gf t ;  r ,  x2,ol l  = nl t ,  v l t ;  r ,  Xr -x2, 0l) . (e .18)

hg coorxou.tenran (9,18) cneAyer, {To KoMnoHeHrbt, @oreercrByptqvte BxoAY @, ooKpa'
ulaK)TC8, lt OKOH{aTenbHOe AbtpaxeHue AnF Bblxoaa 3aB[cvlT TonbKo oT pa3HocTrl cocTo8Hxi
Xr -xz, PaccuarpaaaF cDcroaHxe xl KaK HaqanbHoe oocroaHhe }l )<2 KaK KoHetlHoe @cro'
nyiue n nonaraa Xz=O, yt3 BbrpaxeHun (9.18) MoxHo cAenarb BbtBoA, {to a nrxeixortt
cnyqae HaqanbHoe oocronHxe MoxHo onpeAenxrb c noMor4bp nrxeixoro npeo6pa:oea'
xun 6yAyulrx graqexri BbtxoAa. B cooreercrBnyr c 3rl.tM 3aKnp'{eHreM BTopoe cnaraeMoe
a npaeoi {acrn Bbtpaxenrn (9.16} Mo)lclo onycrelrb.

i"n, r.tprnqa oo xea"rpoxAeHxan, ro o6parxan O-J "y,rr""t"yer. Toraa det[op] *0 u
crpoKr.t Marp,illbt oj nraneixo He3aBlrcvrMbl. hs ypaaxexua (9.161 rorAa cneayer, rlro

x(k)  = Opr ynlk l .  (9.191

I
[ : : : : ]

0

0

0l[ll::i']" r a n - 2 6  c t A n - J b  b  . . .  d

d

c'b

c'Ab

(9.16t

ro npeA-

(9 .17 )



Taxuu O6paaou, Mbt MOxeM OnpeAenhTb cneAyKrqee ycngBxe Xa6npAaeuOcru.
Teopeua g.4. l|uaeilnaa cucreMa, on.lcbreaeMaa ypeHeHuaMu (9.1) u (9.13),ta6

npdaeua, dcnu u ronbKo ecnu PHe ffirwuu

[ " '  I
t t
I c'A Io p = l  I
t l

|  " 'n" - t  1
peeH pgMeryocru n npocrpHcrea cocroaxut.- 

BuraoAur o nuxefixoi 3aBl.|cltMocTl,t cTpoK MaTpgtqut Ot aHanorllqHbl ablBoAaM o crOn6qax
Marp,rqb! Op, cSopuynnpoBaHxbtM e reopeue 9.2.

lrlo ypaexexr,rn (9.1 6) MoxHo raKxe nonyqlTb ycnoB]tF BoocraHannaaeMocrx, yqrrbl'

BAR, {TO

x l k  +n l  =  A "x (k l .

Ypaaxexre (9.161 c y{eroM coorxoureHun (9.20) npunuMaerarA

Ynlkl = QpA-nxlk + 111 = Q*t(ls + 171 ,

rAe

ls.22l

x(k + nl  = O/ y" lk l  .

Ycnoann BoocraHaBn[BaeMocrr
AaeMocTvr.

(e.20t

{9.21t

(9.231

Moxxo crpopuynr,rpoBsrb ananor[qro ycnoB]tnn xa6np'

(9.11 a (9.13) nsr

uaHr|(' K ynpaBnneMocr
,rormocrx r o6xapyxuea
rn. Tarru o6pagou, ecn
rAa xHAeKc "T" o6o3xl
ma 11 BOOCTaHaBnrlAaer,l
rra E2 o6xapyxcraaema,
cnpaBeAnxBbrMr, ecnll cr,l

$ 9.3.lfuetnuQnupyeur
B rexxrqecxoi nrrepary
mx{ecKt,tx caoicra ynp:
Kalnx. Mateuarnrtecrrg
no x3MepeHHbrM 3Ha{eHl
3y, c noMoulbK' oAHoutal
nebulero ycrpolicrea nr
cnyqsnx r4exrrQrxalrn
6e apemexr r cnyxltl
ynpaneHxn. B srou cn1
{ecxoli MoAenx ynpagne
Moryr 6urrr ncnonrsoaar
ycrpoicrsa t,tnx Aaxe Al
omoro o6terra. B np6o
aambrM 14 cradrnrilpl
ynpanneMoro o6terra,
Ecnr yraaaxHble Bbrure !
lroe ynpaBneH[e, ocfl oaaH

8 5 5 9 . 1  r 9 . 2 m u r o l
onp€AeneHHoe BHrMeHxe

Paccuorpru ArHaMr{l
x ( k + l l = A x l k l .

9ro rar Ha3brBaeMan cal
oHa He noASepxeHa aHeul

llpe4nonoxrM, {ro Hi
ycn@xn, npr Koropbtx
Hlrx KoTopbrx MoxHo onr

x ( k + 1 1 . = A x l k l ,

x ( k + 2 1 = A x l k + 1 l . = .

x l k + n l = A x l k + n -

Tar xax npeAnonaranq
nocnen uraroS @cTeaxrt

lx(k + 1), x(k + 2l.. . .

KOTOpaA nO3BOnFeT HaM
T e o p e u a  9 . 6 .  l U c

Nerp)tp lxlkl, xlk + tl,
.Q,nn xparxocrx 3annc
Orlr{ecraR xHrepnp

Apnrqo aos6yxgaru ece

$ 9.4. KeHonrcecKtx Ael

Crauroxapmrre nnxef,xrr
MeHHbtx, oocToaulle x3
{ae pa3AenxTb cne4yKrulx

Teopeua 9.5. Iluneiinaa cucreMa, onucueaeMan yryeHeHuanu
det [A ] * O, eoccranaanuaaeMa, ecnu u ronbKo ecnu PHe Met4tub,

f  " ' o - "  I
|  {  A - @ - t )  |o * = 1 "  I" 
Ltot' I

rlaleen psrreptocTu n npcrpHcTea cocronnua.
l,l cxoEa BbtBoAbl o nnxef,xofi 36hcxMocryt cTpOK MaTprqut O6 aHanorlqHbl BblBoAaM

o cronfuax Marpetqbt O9, c$opuynllpoBaHHblM e reopeue 9.2.
B g 7.7 yxe orMe{anocb, {To B HenpepbrBHblx c[cTeMax c KBaHryKrlllxM sneMeHToM

Marpr,rua A neaupoxqexHaR lr, cneAoBarenbHo, B 3ToM cnyqae det[A] Bceraa He paa_ex

xynro. Ecnr Marpully og yuxollclrb cnpaBa Ha Marpsuy An, ]obt,nonyql,|M narprqy ot,
CneAoaarenuHo, ecnyt uCipaua A xeerrporxAeHHan, To ycnoBvtn xa6npAaeuocrx x EoocTa'
HaBnvrEaeMocTll SKBuBaneHTHbl.

Ecnn xexoropble BblxoaHble KoMnoHeHTbl cxgreMbl xexa6npAaeMbl, Ho yctoilrert, ro
Mbr Ha3brBaeM raKro clrcreMy o6xapyxraaeuofi. flpyrrMr cnoaamx, clicreMa o6xapyxl'
Bagua, ecnn u ronbKo ecnr BbrxoAHbte KoMnoHermt (uoAul , @oTBergfByxlu&le xeycrof,'
qr,tgbfM co6cteexxuru 3HarteH[RM Marpgllbt A, xa6noAaeuu. B cooraergraxn c pa6oraml

[68.10, 72.5] uur rMeeM cneayKrqee onpeAeneHxe.- 
O n pene n e Hr,r e 9.6. llapa lC, Al cucrenu odnaytatenna, ccnu cyqecreyet dell'

cfeurenbHaa Marpuqa B nxaa, vro Marpuqa A - RC yctoilwea, T.e. dna ecex A&rcUnUx
gnaqenurt )\ Merrytltb, A - RC cnryaednueo ycnoeue llrl ( 1, i = 7,2, . ", n'

Onpelenexre 9.6 axanornqHo onpea€nexno 9.3, c KoropbtM Mbl no3raKomrnrrcb a c8R'
3r c noHRTueM cra6r,tnyt3xpyeMocrl,r. Moxxo cKa3arb, qro a HeKoropou cMblcne aoograHaB'
ntfaaeMocrb RBn6erca o6parxuru nnn, aryrvtult cnoBaM[, ayanbHbtM csof,greou no orro'
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xa6npaaeuocru.
uauu 19.11 u 19.131, HaG

rr$Hbr BbrBoaau o cronfuax

DCTaHaB nhBAeMOCTlt, ywrTbl -

(e.20!

(9.211

@.221

(e.231

rorr4rrxo ycnoBrnM ra6np-

unnu 19.11 u 19.131 npt
bt

O6 8HanOrgl{Hbl ablBOAaM

KBaHTylOl{l,lM 3neMeHTOM
det[A] BcerAa He paBeH

Mbr nonyruM marprqy Ot.
xa6npAaeuocrx x aoccra-

tASeMbr, xo yctoilralr, to
)Baulr, cncreMa o6xapyxc,r-

xeycroi-
@orBercrBr,rlr c pa6oraun

ene, ecnu ryqecreyer &A-
r.e. dna ecex a&reeunux
1 , 2 , . . . , n .
Mbr no3HaKomrnxcb a cae-
)TOpOM CMbrCne AOCCTaHaB-
rnttm caoigraoM no orxo-

ulexltrt K ynpaanReMocru; xa6npAaeMocrb - AyanbHoe cgoicrao no orHoueHrxl K Aocrlr-
xrMocrl,t u o6xapyxuaaeMocrb - AyanbHoe caoicreo no orHoureHup r craatnr3rrpyei/bc-
rr. Tarnu o6paeou, ecnlr Mbr lrMeeM clrcreMy 2 t A, b, c' , dl x chcreMy 2zlA' , c, b' dl,
rAo xHAeKc "1" o6o3Hataer rpaHcnoHyrpoBaHre, To cucreMa X2 ynpaanneMa, ecnil crcre-
Ma tt EOCCTaHaEnl|BaeMa. ClrCTeMa E2 Xa6nOAaeMa, ecnu clcTeMa Xr AocTnloruS, cgtcTe-
ma E2 o6xapyrrcraaeMa, ecnr crcreMa X1 cra6rnlr3hpyeMa, x Bce 3Tu csoicraa ocraK)rcF
cnpaBeAnlrabrMn, ecnlr clrcTeMbr 21 u 22 noMeHRTb MecTaMn.

$ 9.3. llrcrmr0rqrpyeuocm

B texxnlecxoi nureparype MoxHo xairn uxoro pa3nyrqHbrx MeroAoB onpeaenexxa aHHa-
Mlr'{ecK[x caoicra ynpaBneeMux o6terroe !tnr, [Ha{e, pa3n[{Hbrx MeroAoa raexrnoyr-
xalnn. MareuarltqecKre Molenx nrxeinurx o6rercroa B paAe cny{aea paccqxrblBaprcs
no r3ilepeHHblM 3HatleHHFM BxoAHbtx x BbrxoAHbrx nepeMeHHbtx peanbHoro o6rexra cpa-
3y, c noMotqbo oAHoutaroEoi npoqeAypbt, !t 3To peueHhe npgrMeHnpr Ann pac{era ynpa8-
nnpulero ycrpoicraa unu, aryrntrllh cnoBaMr, AnR peuleHxn 3aAa{h crHre3a. B apirrx
cny{aFx nAexrn0rxallln Moxer 6ttru peanrsoaala aBToMarxqecK[ B peanbHoM MacuJTa-
6e apenexn yr cnyxltr AnR nepec{era ynpaBnnxruux eosaeicranh, r.e. dna aAanrxBHoro
ynpagneHln. B arou cny{8e orcyrcrgyer neo6xoAr,ruocrb B To{HoM oueH}taaHnt,t MareMarlt-
,{ecrdi uoAenx ynpaBnFeMoro o6tercra, a [3MepeHHble BxoAHble r BblxoAHble nepeMeHHbte
moryr 6utru [cnonBoBaHbl HenocpeAcraeHHo AnF Haxox(AeHrn napaMerpoB ynpaBn6pqero
ycrpoicraa rnx Aaxe AnR HaxoxaeH[F axoAHbrx (ynpaannrou$ax) nepeMeHHbtx ynpaBnF-
emoro o6rerra. B np6ou cnyqae, oAHaKo, ynpaBnneubti o6rexr AonxeH 6urru o6nipyxr-
BaeMbfM n qa6nnugtpyeMbtM. Ecnu xenarenbHo onpeAenltrb MareMarxrecKyt11 MoAenb
ynpanneMoro o6rexra, ro rarcoi o6texr K ToMy xe aonxeH 6rrru rAexrueuqrpyeusru.
Ecnr yraaaxxbte Bbtue ycnoBHF He BbrnonHaKrrcn, To HeBo3MoxHo pean[3oBarb onrxManb-
Hoe ynpaBnexue, ocHoaaHHoe Ha t,tAeHTltSnraquu o6texra,

B s s 9.1 r 9.2 uur o6cyx.qanr HeKoropbre c-eoicrEa o6rexroa. Ilonegxo raKx(e yAenlrb
onpeAenexHoe B HrMaHre ycnoBxFM n4exrn$nqr pveMocryt.

Paccuorpnu AuHaMt,tqecKyp crcreMy, onytcbtBaeMyp ypaaHeHxeM

x(k + 1) = Ax(kl . 19.241
3ro rax Ha3btBaeMan ceo6oAxan o4creMa, vr3onxpoBaHHan or BHeurHei cperur, lr nogroMy
oxa He noAeepxeHa BHeutHxM Bo3AeicrBxFM.

llpe.qnonoxuM, qro Ha{anbHbte ycnoBt,ta x(t) [geecrHbr ]r o,rcreMa xa6npAaeua. HafiAeu
ycnoBxn, npr Koropbtx c[creMa raKxe n rAexrreuqxpyeMa, r.il. ycnoaun, npr BbtnonHe-
Hxx Koropbrx MoxHo onpeAenrrb rrarprqy4. Mlr rueeu

xlk + 11= Axlk l ,

xlk + 2l  = Ax(k + 1l  = A2x(kl  , (9.25)

x l k  + n l = A x ( k  + n  -  1 )  = A " x l k l .

Tax rar npeAnonaranocb, rtro Boe nepeuexHbte cocroaHrn xa6nro[aeMbt, To Mbt MoxeM
nocnen uaroB @cTaahTb MaTplrqy

l x ( k  +  1 ) ,  x l k  +  2 1 , . . . , x ( k + n ) l  =  A l x ( k l , x l k  +  1 1 , .  .  . , x ( k  + n  -  t l l , (e.26)
KoropaR no3Bonaer HaM o n peAe nxrb ycn oalr R r gexrner,r raqr.tr.

Teopeua 9.6. Marptqa A cucreuu lg.24l udeurufuuttupyeua,ecn.t.t ronbKo *nu
Marp tua  I x ( k l , x ( k  +  1 ) , . .  . , x l k+  n -  1 ) l  =  [ x ( k ) ,  Ax l k l , . . . ,An - , ' x l k l l  xeeupxdena .

,Qnn xparrocrl,t 3anltcl,t BBeAeM o6ogHarexhe lx(kl,Ax(kl, . . . ,An- lx(kll = dl.
Ouauqecran ltHTepnperaqlrn ororo ycnoBxa o3Haqaer, qro Haqenb6oe ocroixue x(kl

AonxHo eos6yx4aru Bce KounoHexrur (uo[ur) cucreMbt.

$ 9.4. KanorutqscK&fl EeKoutrosrstx

Cragroxaplue nnxeixtte cncreMbr c KoHe{HbrM {ucnoM He3aBroiMblx BbrxoA}rbrx nepe
MeHHbrx, cocronllllte lr3 orAenbHbtx noAcncreM Koxe{Horo nopaAKa, MoxHo e o6qeM cny-
{ae pa3Aen}rrb cneAyKrull,tM o6pasou Ha {erbrpe {acrHbte c[creMbt [63.2, 63.4] :

73



A. .Q,ocrrxrauaa u xa6nroaaeMaR $acrxan clcreMa.
B. AocrrxnuaR u nexa6npAaeMaa qacrHaa crcreMa.
C. HeaocrnxrMaR u xa6npAaeuan {acrHaR clcreMa.
D, Heaocrnxutoaa n xexa6n roaaeuan {acrHaR ct,t creMa.
3ra rnaccrQrKalxa Ha {acrHbre chcreMbr noKa3aHa Ha pgtc, 9.1 ra xaarteaercn KaHoH}r.

qecroi Aexounogrqnei,
Tonuxo Aocrl,txxMaf, r xa6npAaeuaa qacrHan cricreMa Moxer 6urrr onncaxa MeroAault,

AAAA2,v.va/''/l/ .vA 3.?2.?//// ?XAZA 2 8h/XAZ? ?l/ArCHt/. .v2/7p/,,r"P, 2A ,tWr4lrl/ tv? ,2prr2ilr'
qecKoe Bo3,lgicrcue, Ha nMflYnrcHOe BOsAefrCTSUe, Ha CKaKtK n r.A. TaKrKe tOnbKO AOCtn'
xl,tMaa r xa6npaaeuan qacrb raroi cncreMbr Moxer 6uru onrcara MareMargrqecxoi uo-
Aenbrt, Koropaa paoc{ytraHa MeroAaMr rAexrrQuraqr}r, ocatoaaHxbtMl,t Ha lt3MepeHr[ BxoA-
Hbtx rr Bblxorxblx nepeMeHxbtx cocronHxR cvtcreMbl. Ecnr xaqanuroe oocrof,Hre cxcreMbl

liF-

Hgxre a xnaccr{ecxoi rec
,3MepeHHbrx 3Ha{eHnax Bxoj

Ao cux nop Mbt paccua
B, C r,r Q xanprmep, ynpaBr

' nony{eHbt pacqeTHbtM nyTer
onl,|caHxl/| ynpaBnFeMoro o
{TO Hn\ero He 3HaeM o Bl
Db3DNr\(n)'ra unyr 3aMKHyTa
t\sgc\ie\g\r\. B rrou cnlrae
nopaaoK pesynurnpyrcqefi
Syxrqun nnxeixoi cncreu
uleHxn a nepeaarorxoi S!
KO TOrAa, KOrAa AO3MOXI
{aeT, {TO HCXOA}|aF CrCTei,!
oAHy x3 {acrHblx cucreu B,

Il porn nrocrpl pyeM raK(
Oyxxqru, cooraercrBytoulx

B , Q I
F r l z l = L ,  F z

Q-a lA t te l

r A e  B r Q l , B z F l . B t k l  n  t
qoAepxar o6qnx @MHoxr.

llpr nocneAoBarenbHou
ulan MHoxytrenu (z - cl lr
xytMa, xo xexa6nn4aeua. 9r

l'lpu nocnegoBarenbHoM
MHoxr4TeneM. 3ra qacrxan t
craBnneT qacTHyo cr4cTeMy r

Moxro nerKo noKa3arb,
coAepxaulan uxoxnrens {z
f, Bnnercn racrxoi q,rcreuof,

B sarnprexre cneAyer c
euoi noAcr.rcreu, xe ofrsi
uleHxe B nepeaaroqxofi 0y
h3 yKa3aHHbrx ceoicra, C !
reu - xeo6xoAetMoe ycnoBx

He paBHo Hynxr, To lt3MepeHyte aurxoAxoi nepeuexxoi y no3Bonaer xau o6xapyxrrr xe'
ynpaBnneMyp qacrb C. Ilpennonoro4M, qro sra racrHan cucreMa ycroiqrea vr He noABeF
xeHa HlKaKrM BHeuHvtM eogaaicrEunu.

Paccuorpr u Ar,rcK perHyp rt MnynbcHyp nepexoAHyp Qyxrquro (7.3 ]

{ d  n p r k = 0 ,  
$ . 2 7 1s { r } = l  

" r 4 k - r 6  n p n  k ) o

nuxerixoi Arcrperxoi crcreMbr xoxerxoi pa3MepHocrr,r h nopneKa. TorAa rax<Aan qer-

eepra (,4, b,cr,dl, Koropan oornacHo Bbrpaxexlp (9.27) onpeaenaer 3aAaHHyK, ttunynbc'
HyK, nepexoAxyro $yxxqrr), Ha3brBaerca Fanusaqueii uunynmno0 nepexodnoil Qyxx,luu.
Ecnr r roMy xe Marpgrqa A nueet MhHxManbHyp pa3MepHocrb cpeA4 Boex Bo3MoxHbtx
peanreauni, To {erBepKa lA,b,cr, d} ragrrgaerca toatHuManbaoi panusauuetT. Tarur,r o6'
pa3oM, Myt6erManbHbti nopaAox n x KoHcraHrc d= s(0) onpeaenaprca oaxogxa{xo. npra
*ou A, b, c saaucat or aui6paxroro 6asuca npocrPaHcrBa cocronxni. Ecry 4 r , b t , cL dl -

MHHvfManbHaR peanh3aqxF,  ro {eraepKa lAz,bz,c\ ,a l  = (TArT- t ,Tb1,cr1T-t  ,d l ,  Koro '
paF noflyqaerce B pe3ynbrare npeo6pasoaaxun {eraepK}t lAr,br,c',dl c noMoulbK)
npolr3aonbHoi xeaypoxAexxoi uarpuuur f, raxxe - MyrHuMalflbHan pear[3aqla (cu,
s  10 .1 )  .

Ecnr no saAax1oi Aucxperxoi runynrcroi nepexoAxoi Oyxrquu (9.27) 6utna onpe'

AeneHa HeMgtHttManblta6 pean[3aqxR, TO OXa 6yAer OOAepxaTb, KpOMe $aCrXOi OtCremut A,

no xpaixef, Mepe oAHy r43 qacrHbtx cltcreM B, C r,rnr.r D. OAxaro 3Tl4 {acrHble cvlcreMbl Henb'

3R onpeAenxrb c nouol{bro nauepexni BxoAHblx l,t BbtxoAxblx nepeMeHHblx, vl nosToMy Mbl

o6ur,txo ytHTepecyeMc6 TonbKo MltHt4ganbHoi peanraa[r,reri. B aroi can3r npoqlrxpyeM

cneaypulyrc BaxHyK, reopeMy [63.4] .
Teopeua 9.7. Panusa4un Anawuqecxort cucreMu tttuHuManbHa, ecnu u ronbKo

ect u ona docruxatua u uadnPdena
l4s npeAurAyqero cnelyer, qro onxcaHre AxHauhqecroi olcreMbt ypaBHeHxRMu npocr'

paHgraa cocroaxni Rannerce 6onee o6qrrr, qeM To, Koropoe cneAyer x3 x3MepeHui BxoAa
x Bbrxoaa crcreMbr. Oxo uoxer coAep)Karb {acrHble cucreMbr B, C n D npr ycnoaxvr, qro

oHn npgtcyrcrByxrr B peanrxoi q,rcreMe, TorAa KaK onvrcaHvre, ocHoaaHHoe ronbKo Ha Bxo'
Ae x BblxoAe, MoxeT ooAepxarb TonbKo {acrHyK, olcreuy A.

Cneryer noaqepKHyrb, rtro ronbKo qacrHan crcreMa A moxer 6ttru ynpaanneuoi u,
cneAoBarenbHo, npr crHTe3e ynpaBneHxR oT avlHaMlr{ecxoi cucreurt xeo6xoAttMo noTpe'
6oEaru Aocrxxxgocru r xa6npAftMocrx. 3ro npraoAur K ToMy, qro a AelcrgrrenbHocrlt
OrpaHl/|qxBa|oTce TOnbKo {acTHbtMl,r C|/|cTeMaMl/| A. TaxOi BbIBOA O6OCtOerteaeT npr|Me'
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I+

:. 9.1 n Ha3btBaercn KaHoHr-

ler 6urru onroaHa MeroAaMh,
p, no peaKqlrr Ha rapMoHx-
r r.g. Tarxe ronbKo Aocrx-
lucaHa MareMaruqecxoi uo-
rHHbrMlt Ha vt3MepeH5n BXOA-

{anbHoe @cToeHre cr,lcTeMbl

eMbt .

ronner HaM o6tapyrctru xe'
ua ycroiruaa 6 He noAaep.

o (7.3)

ls'271

)pngKa. TorAa rax<Aan qer-
eAenser 3aAaHHyp elMnynbc'
uoi nepexoduort 6ynxuuu.
cTb cpear Bcex Bo3Moxtlblx
cA panugauuetT. Taxru o6-
rA€nnxlrca oAxoaxa,rxo. fl pt,t
axnh. Ecnn lA r, br, cl, A -
' ' , T b r , c \ T - t , d l ,  K o r o -
lA r, b r, cr , dl c nomorrlbK)
ManbHaf, peann3aqnn (cm.

pyxrurr (9.271 6utna onpe'
, KpoMe .racrxoi cncremut A,
o 3Tl4 {aCTHble cvlcTeMbl Henb'
nepeMeHHblx, r nosroMy Mbl
B aroi can3[ npouxrxPyeM

uHuManbHa, ecnu u ronbKo

rcTeMbr ypaBHeHhsMh npocT'
:neAyer vr3 h3MepeHri exoAa
B, C r,r D npr ycnoalth, ero
ocHoBaHHOe TOnbKO Ha AXO'

oxer 6rrru ynpaannerrcfi n,
l,tcreMbt xeo6xoAruo norpe-
rMy, {To e Aeicrs}rrenbxocrtr
ugoa o6octtoBblBaer npltMe'

Herue B Knaccx{ecKoi reopnn ynpaBnexun MeroAoB, Koropbre 6astpynrca ronbKo Ha
x3MepeHHbtx 3Ha{eH}tFx axoAHblx lr BbrxoAHbtx Benrql|H.

Ao oax nop Mbr paccMarperBanu cnvqau, Kor[a ypaBxeHrfi oocronHra {acrHbtx glcreM
B, C r 4 Hanp+rMep, ynpaBnneMoro o6terra, axo1aqhx B MareuarnrtecKyK, uo4enl, 6rrnn
nonyqeHbt pacqerHbrM nyreM x no QrsrrecruM AaHHblM o6terra. C npyroi cropoHbt, npt,l
onucalun ynpaBnneMoro o6terta, ocHoBaHHoM Ha ero BxoAe H BbrxoAe, Mbr nonaranr,
rrro Hr4{ero He 3HaeM o enyrpexxef, crpyKType o6terra. Cne4yer, oAHaKo, y{ytrbtaarb,
pa3oMKHyra unx 3aMKHyTa c[cTeMa ynpaBneHlF, KoropaF MoxeT @cToRTb t43 HecKonbKnx
noAclrcreM, B erou cny'{ae, ecnr Mbr nonb3yeMca onyrcaxueM B npocrpaHcee @ctonxri,
nopnAoK pe3ynbrlrpypulei crcreubr pageH cyMMe nopFAKoB noAcr4creM. flepegarorxan
0yxrqrn nrxetixoi cyrcreMbr nueer raxoi xe nopFAoK, ecnn ronbKo He npohcxoAllr ooKpa-
ulerxn B nepeAaroqroi Oynrcuun. Mnxnuanuran peanh3aqvrn Moxer 6rrru nonyreHa ronb-
Ko rorAa, KorAa Bo3MoxHo ooKpauleHvre B nepeaaro{noi Syxxur,tr. 3ro, oAxaro, o3Ha-
{aer, qro rcxoAHan cscreMa Aonxxa ooAepxarb He ronbKo {acrnyx, cucreMy A, ttg taxxe
OAHy tt3 {acTxblx c}lcreM B, C nnr,l D,

flpornnncrprpyeu raroft cnyrai Ha cneAyxrrqeM np,tMepe. Paccuorplu nepe4aroqHbte
$yrxqrr, coorBercrByxlltlvre noAclrcreuau F 1, F2 n F3,

B ' Ql lz - alBzlzl Btlzl
Fr lz l=- ,Fz lz l  ,  Ftk l=. - - - - - - - - r - - - - -  ,  (9 .28)- 

Q-alArtel Azlzl lz -alAz{.zl

r$e BrQl ,BzQl ,Btk l  u  At lz l  ,Az la l ,  Atk)  -nonrxouur,  nn6ue ABa rr3 Koropbrx He
ooAepxar odqrx oouHoxltrenaT n xu oAxH r,t3 Koropbtx He coAeprotr MHo)to4Tenb iz - al .

llpr nocneaoaarenbHoM coeArHeHlrx Fr+Ft o6pasyercn qacrxan q4creMa, coAepx&
qan MHoxxrenu (z - a) (c co6craexxblM 3HaqeHtlew Zr = c). 9ra {acrHan c}tcreMa Aocrx-
xlrMa, Ho nexa6nrc4aeua. 9ro, cneAoBarenu{o, qacrHan o4creMa rnna B,

flpr nocneAoearenbHoM ooeAhHeHryt Fz+Ft o6paayercn qacrHaa cercreMa c reM xe
MHoxlfreneM. 3ra qacrxaR cucreMa xa6nroAaeua, Ho He.qocryt*<una, u cneAoBarenbHo, npeA-
craBnf,er qacrHlno ct4creMy rnna C.

Moxxo nerKo noKa3arb, qro npta napannenbHoM ooeAyrHeHyt]r F I ll Ft {acrHaa cucreMa,
coAepxaulan MHoxtlrenb lz-al, ],t HeAocrr4)rorMa, u HeynpaBnneMa. Oxa, cneAoearenbHo,
f,Bnnercn racrxoi olcreuofi rrna D.

B sarnto{exre cneAyer oruer}rrb, qro cugreMa, @croaulan }t3 AocrxxgrMoi n xa6nroAa
euoi noAcncreM, He o6Rgarenuxo AocrxxuMa r xa6npAaeua. Ecnr npoyrcxoaxr ooKpa-
uleHgte B ne[reaaro{Hoi syxxur.il,r a@i q,rcreubt, To raKaa g4creMa repf,er oAro unr o6a
lr3 yKa3aHHbrx ceoftcrs. C apyroi gropoHbt, aocrt,txruocrr r xa6npAaeMocrb Bcex noacnc-
rem - xeo6xoAlrM@ ycnoBxe Aocrr4xxMocrn I xa6npAaeMocrr/r ecei crcreurr.


