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I,IAEHTI{OIIKAUII'I NAPAMETPOB MO.4EJIId

3aAa'la ngexrr,r$nraqrr o6texra ynpaBneHhn 3aKnp{aerca B HaxoxAeHx}r ero MareMar}r-
qecxoi MoAenr, Koropan a HeKoropoM cMbrcne Halrny{ulxM cnoco6ou onxcbtBaer ero
AxHaMh{ecKre cgoicrea, Ecnh xoxe{xoi uensp RBnnercf HaxoxaeHre onrxManbxoro
ynpaBnexhn, To AocraroqHo, qro6rr nph 3aaaHHoM Bxoae ablxoA MoAenu 6urn grghsanexrex
ablxoAy cltcreMbt. B grou cnyqae xer xeo6xogr,tMocru B ToM, rro6ul crpyrcrypa h napa_
Merpbr MoAenx coanaAann oo crpyr(Typoi h napaMerpaur Qrlulecrofi crcreuur.

Boo6ute x(e 3aAa{a nocrpoeHhn MareMarhqecroi uoAenu 3aKnp{aerca B onpeAeneHltll
crpyKTypbl o6terra, HaxoxAeHxx sxaqexui napaMerpoa n, ecnu xeo6xoAuuo, gxaqexufi
3aB}lCl,l Mbl X nepeMeHHbl X, Hanph Mep, nepeMeHHbt X @CTOF Hl.tF.

J4xorAa 3aAa'{a onpeAeneHvta crpyKrypbr o6rerra paccMarpuBaercn KaK oraenbHan 3a-
Aaqa, qerKo orAereHHan or 3aAa{}t HaxoxAeHHR napaMerpog. Tar<, xanpruep, fl.A.3ane
[62.2] xaguraaer 3aAaqy onp€AeneHxn-crpvKrypbr gaaa,{ei rnaccrgrraqnr. ti'ne*otopiix
6onee coepeMeHHblx pa6orax, oAHaKo, crpyKTypa x napaMerpbr oqeHxaaprcn oaHoBpe-
MeHHo, r.e. c noMoulup eanxoi nporpaMMbr. Hanpnuep, M. Kaprur [76.11l onpeAenFer
nopnAoK MoAenvl nuxeiroro o6terra h ee napaMerpbr oAxr4M o6qrm anropltrMoM.

tl. 3ixxo$Q [74.7] onpsaenufl MareMarxqecKylo MoAenb o6rerra KaK MareuaruqecKoe
npeAcraBneHyte cyqecrBeHHblx cropoH cyqecrByroulero hnx co3AaaaeMoro o6texra, onr-
cbrBatoqee 3HaHxF o6 arou o6rexre s xah6onee yAo6xoi 6opue.

3ro onpe4eneHre oqeHb o6qo. Oxo no3Bonner onpeAeflrrb MareMaryrqecKylo MoAenb
np6uru cnoco6ou. B xeu BbtAeneHbt none3Hocrb MoAenx h 3aAaqa HaxoxAeHrn cyqecr-
BeHHblx ceoicra paccMarpxBaeMoro o6rexra. 3ro eaxxan cropoHa, nocKonbKy npeAno-
naraercn, 'tro MoAenb Moxer garu nxSopMaqxp ann nocneaynqltx peureHrai. Cnrurxou
cnoxHan MoAenb AnF STux uenef He Moxer 6utrr rcnonr3oBaHa. OAxaxo He oqeHb cnox-
Haa MoAetlb Moxer onllcblEarb AeicrBurenbxocrb ronbKo npu6nuxexuo. MeroAut hAeHTyt-
$rraqun g 6onuutttxcrBe cfly{aeB npta 3aAaHHofi orpanurexxoi roqxocru rluepexui xe
no3BonnK,T nocTpohrb cnoxHylo MoAenb, 3KEllBaneHrHyp no cTpyKType h napaMeTpaM
peanbHoMy o6uerry. 3ror @axr, oAHaKo, He Meuraer nocneAypqeMy ltcnonb3oBaHrp raKoil
MoAenx, ecnr, KoHe{Ho, OHa oTpaxaeT GyulecTBeHHble cTOpOHrt O6rexra. 6onee rorO, hMeHHo
B chny caoei npocrorbl raKaR MoAenb xar6onee nphroAHa AnF nocneayKrulero hcnonb3oaaHra.

hAexrr$rraqxrc MoxHo npoBecrh nu6o rvreroAaun Srasraxo-MareMarx{ecKoro aHanx3a,
nr6o ueroaaMx 3Kcnep[MeHTanbHoro aHann3a.

llpu nAexru0uxaqnr MeroaaMh Qusrro-uareMar[qecKoro aHanx3a Mbr HcxoahM h3
KollcrpyKT[aHblx AaHHblx t4 MareMarvrr{ecKoro onxcaHuF npocreiutux npoqecooB, Koro-
pble vlMeloT Mecro a x3yqaeMoM o6texre. Taxuu o6parou Mbl nonyqaeM c6creMy anre6par-
i{ecKxx t't gh$Qepexq}lanbHblx ypaexexti, coAepxaqnx KaK BxoAHble x BbtxoAHbte nepeMeH-
Hble, TaK x nepeMeHHble oocroflHl,lF. B grh ypaBHeHuR xHorAa BKJIrc{axlrcF t,tg6rrtoqxsre
BHyrpeHH[.le nepeMeHHble o6texra, Koropbre Mor(Ho He yqxrblBarr. Ecnr onucaHhe cucreubl
Quatro'uareMarr'{ecKrMx MeroAaM}r norHo, To orAenbHbre ypaBHeHhn cocroaHra MoxHo
ynopnAo'{l.lrb , npnAaru nu Soprrry ypaaxetri cocronHxn. B groM cnyqae KoMnoHeHrbl
aeKropa cocronHlra xMeloT ro,lxuti Slrnrecxui cMblcn. BxoAxure neBeMeH6bte uoryr 6urrr
KaK none3HblMvl nepeMeHHblMl,l, HanpnMep, ynpaBnnpu4xMr4 nepeMGHHbtMgr, TaK h Bo3My-
ulatoulhMu nepeMeHHblMr.r. Oxu uoryr 6srrs nr.r6o AerepuhHytpoBaHHbtvln, nu6o cnyrafi-
HbrMh npoqeccaMyt. flpocroi nphMep raKoro noaxoAa 6urn npuaeAex e S 3.1

llpu raexrr$uraquu MeroAaMvr 3KcnephMeHTanbHoro aHanh3a uur o6urqro Haxoal.rM
MareMarvlqecKyp MoAenb ycroirueoro o6terra no h3MepeHhFM ero BxoAHbtx x sbtxoA-
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Hbrx Benrqtax. AIn aroi qen
rusuxa[rr. O,rexu xoPour
U3.181 onvtcaHbl reoperrl
oTHOC[TenbHo npocTblMu l',l
r{HMcf, TOnbKO HeCKOtlbKt'lM
Te3OM CUCTeM B npocrpaHcr:

MeroAst rAexrn0nxaqrr
'{gcKue MeroAbl. B aerePu
AOnxHa xMerb onpeaeneHH(
npocroi exoAxofi celrHan, I
nuqruri cKa{oK, cl,lHYcollAal

B ctarucwtqecKhx Mero
curHan npouaeonunut. KPo
TucrhqgcKne ceoicrea rort
nFloT Bblpa3[Tb Kat{ecTBo I

cHF, KOBapUa[]roHHaR MaTp
Oco6rri cnyqai crarucrt

nonaraercF, t{To MaTp}rqbl I

vt3BecrHbl, HO KOMnOHeHTbI
6ulrr onpe4eneHbt KocBeHH
nonaraeTcn TaKxe, qTo no
lloerouy onrrManbHoe oqe
ru$nraqrr croxacrltqecKrl

Pagnrqre B orAerbxblx
vrnlr HenvlHeiHocTblo llaeHl
r,r BO3MOXH(rcTbp vlx ll3M
lrnx crpyKrype Moaenx vl
Tltn MareMaruqecKol MOAI
Baf,cb 3aecb Ha AeTarlFx,
qro MeroAbt rAexrr0nxaq
A , B , C u D e Y P a e x e x n u
nprMeHnprc8 anF nocTp(
xoAHaF Qyxxqnn, neperer
aocrarKoM, nocKonbKy M]
HOUreHUf,Mh, KOTOpble A(x
AenRMH tl OnUCaHlteM Gl'lcl
ugexruQuxatlvlh cucreM n
qactu o6uerra, nocKonbK\
Ha Bxoae r BbtxoAe o6texr

PaccuorPexre croxacrYl
TOAOM HavlMeHbulxx KaaJ
cnyqaFx ocHoBHoe aHllMal
qnM anropuTMaM, KOTOpI
pyeMble napaMeTpbl no M(
pyror ycroiql.table qtacnexH

$ I 3.1. Ilerepunnrporaxn

13.1.1. Mtrxnuanutan Peat
qei urxuuanuxoi Peanus
xuqxsri cKa{oK (nepexo;
qxeHroB  a i ,  b r , i  =  0 ,  l ,  '
qero pa3HocrHoro ypaaHe
nepexoAHyp Qyxxqnrc s(/
ourn6ru B opAxHarax.rM
ux MoxHo He yt{HTblaaTb.

3aAaqa npaKTuqecKh He
can3b MeXAy AByMn peal
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taxoxaeHlil,t ero MaTeMaTr.
cnoco6ou onlrcbtBaer ero
axoxAeHIe onT,ManbHoro
MoAenx 6urn gxarsanexreH
vro6ul crpyxrypa x napa-

:xoi crcreuu.
Knpr{aeTca B OnpeAeneHx}t
rr,r xeo6xo4nuo, gaaqexri

BaeTcR KaK OTAenbHaF 3a-
aK, HanphMep, fl.A. 3aae
:r$rraqnu. B nexoroprrx
br oqeHhaapTcF oAHOBpe-
pxrr [76.11] onpeaenaer
rM anropxrMoM.
KTA KAK MATEMATh{ECKOE
4aBaeMoro o6rerra, onr-

MaTeMaTytqecKyK) Mo[enb
aqa HaxoxAeHhF cyulecT-
oHa, nocKonbKy npeAno-
qrx peu.lexri. Cnnurrou
Oaxaxo He oqenb cnox-

rxeHxo. MeroAur uAenrr-
TortHocrr xsuepexri xe
fpyr(rype lt napaMerpsM
/ry hcnonb3oBanrp raroi
rxra. Sonee roro, 14MeHHo
lyloulero xcnonb3oaaHxa.
tTeMaTlt{ecKOrO aHanh3a,

taflI3a Mbt l'tcxoAltM ,r3
iurnx npoqecooB, Koro-
/qaeM crcreMy anre6pau-
,re l.t abtxoAHbte nepeMeH-
Kntoqaprca ug6urtoqxure
Ecnr onrcaxre crcreMbl
eHuR cocToFHhA MOXHO
)M Cnyqae KOMnoHeHTbl
epeMeHHbre uoryr' 6urru
rSHHbtMlt, TaK h BO3My-
raHxbtMr, nt6o cnyrai-
a  5  3 . 1 .
tr,tut o6ulqxo HaxoaltM

lro axoAHbtx x abtxoa_

Hblx BenrrllH. flI|n eroi qenn 6utno paapa6oraxo 6onruloe qhcno pasnerq6btx MeroAoa [AeH-
lr$rraur,rn. orexr xopourue o6sopur MoxHo xairr a pa6orax'171.21 ,74.71 . 'B p"6re
[73.18] onltcaHbt reoperr4qecKn o6ocxoaaxHbre npoueaypbr, Koropble xapaKrepr3yprc6
0THocxrenbHo npocrblMx r 6utcrpo cxoAntqlrMlrcn anroplrrMaur. 3Aecu xe Mbt oipaxu-
ll'fMcn TonbKo HecKonbKllMgr MeroAaMx, HenocpeAcrBeHHo CBF3aHHblMl4 C aHanr3oM n cu|'-
Te3oM crcreM B npocrpaHcrge cocroRxui.

MeroArr ngexrr$rarcauytx cucreM MoxHo pa3Aenhrb Ha Aerepulxl.tpoBaHHbte lr crarlrcrx-qecKue MeToAut. B AerepultxxpoBaHHbtx MeToAax o6ulqxo npeAnonaraerca, ,{ro chcTeMa
ApnxHa rMerb onpeAeneHHoe HaqanbHoe cocroaHxe, Hanpr4Mep, x(01 = 0, r orxocurensxo
npocrofi axoaxoi crrHart, HanpxMep, npnMoyronbruri runynrc eauxrqxoi nnoulaAn, eAx-
xr{xurfi cKa{oK, c}tHycohAanbxrrfi cnrnan u r"q.

B crarrcrnqecKhx MeroAax uaexrr,rQuKaqlx cr,rcreM Ha{anbHoe oocroRH[e r axoAxoii
ofrHan npox3BonbHbl, Kpoue none3Horo curlana. xa o6rerr aorAeficrayer noMexa, cra-
T]lcru{ecKhe csoicraa xoropoi uoryr 6rtrr Hegr3BecrHbt. Crarncruqecrre Meroabl no3Bo-
nf,K)T Bblpa3llTb Ka{ecTBo oqeHxBsHrF '{epe3 TaKxe napaMerpbl, KaK, HanphMep, Axcnep.
cx8, Ko8apxaqxoHHan Marpuqa r r,A.

Oco6uri cnylai crarvtcrhqecKoro oqexhBaHtan - 3To oqeHKa BeKropa cocronxr,rn. 1pe4-
nonaraercF, qro Marpxqbt A, B, C n D ttarenarrqecxoi MoAenx B npocrpaHcrge cocronxui
}l3BecrHbl, Ho KoMnoHeHTbl BeKTopa cocroFHr.rF Heh3MepxMbr. CneAoearenbHo, oHlt AonxHbt
6lrrr onpeAeneHbl KocBeHHo no AaHHbtM, noryqexHbtM co BxoAa h Bbtxoaa o6terra. flpe4-
noraraercn TaKxe, qro noMexa npucyrcrgyer KaK Ha BxoAe, raK r Ha abtxoAe o6uerra.
lloorouy onrhManbHoe oqeHxBaHue BeKropa cocronr{yra xa 6oxe noMex orHocxrcg K }raeH-
rnQuraqnu croxacrhqecKvtx cIcreM MeroAaMh 3KcneplrMeHTaIbHOTO aHanh3a.

Paonuque B oraenbHbtx Meroaax vrAexrrsuxaquvr Moxer 6urru gulseano nrxeixocruro
unn nenunehnocrbp xAeHTr$r,rqrpyeuoro o6texra, Hartt,lqrteM hnyt orcyrcrBxeM u.tyMoB
u Bo3MOXHOCTbK) llx h3MepeHHS, HanrqreM xnlt orcyrcraneu r.rxsopMauxr o nopFAKe
|,nx crpyKType MoAen[ x r'4. OAHaKo ocHoBHoe, qro ornhqaer orAenbHbte MeroAbt, - 3To
rrn MareMarllqecroi MoAenll u xprreprai KaqecrBa nocrpoeHhn MoAen[. He ocraxaanu.
8aficb 3Aecb Ha Aeranax, Koropble MoxHo HaiTh a cnequanuxoi nxreparype, orMerltM,qro Meroabl uaexru0uraqrx, npxMeHFeMbre AnF HenocpeAcrBeHHoro oqeHrBaHhn Marpytq
A' B' C u D a ypaaxeHuer cocroaHln, pa3avrrbr g uexuurei creneHr, qeM Meroabr, Koropbre
nprMeHFprcF Ana nocrpoeHvtF Knaccltr{ecKhx uoAenei, TaKrx KaK xMnynbcHan nepe-
xoAHaR Qyxrqrn, nepeaaro{Han Qyxxqrn t.t T.A. 3ro, oaHaKo, ]re aannercn'6onuuruu xe-
AocrarKoM, nocKonbKy Mbt yxe no3HaKoMrnrcu e 6{i n 74 rnaeax c ocHoBHbtMr coor-
HoureHunMlt, Koropbte AocraroqHo xopoulo o6tncxnpr can3b MexAy Knacch{ecKhMr4 Mo-
AenaMu }r onvlcaHxeM c]lcreM B npocrpaHcrBe cocronxhi. OAnaxo nro6oi n3 srux MeroaoB
lAexru$nraq}lh crlcreM no3Bonner xairn uoAenb ronbKo na6npaaeuoi u Aocrrxruoi
racru o6texra, nocKonbKy nph Bbtttl4cneHnnx MoxHo nonb3oBarbcf, ronbKo H3MepeHxRMh
Ha BxoAe u Bblxoae o6texra.

Paccuorpexue croxacrxt{ecKvlx MeroAoB l4AeHr}t$lKaqgt}t o4creM 6yger orpaxrqe6o Me-
roaoM HaxMeHbulux KBaaparoB u Mero[oM MaKcxMarnbHoro npaaAonoao6us, B o60rx
cnyt{aFx ocHoBHoe BHhMaHxe 6yaer yAeneHo raKuM nocraHoBKaM 3aAaq u coorBercrByp-
qxM anrophrMaM, KoTopute, c o4xoi cTopoHbt, no3Bonf,nr nepecqxrbtaaru uAexrnorqu-
pyeMble napaMerpbl no Mepe nonyqeH[F HoBbrx uruepexri, a c gpyroi cropoHbt, rapaHr]t-
pynr ycroivrabte qxcneHHbte peuJeHrF npu 60nrutou '{hcne rcKoMbtx napaMerpoa.

$ 13.1. IlereprnrnrpoBaxfibre Meroabr

13..1.1. Mlttlmanbxaa p6arx3aqrn. paccuarpraaeMan Hhxe 3aAaqa ,{acro Ha3btBaercn 3aAa.qei urxruanuxoi peanuaaqrx xMnynucxoi nepexoaxoi Syxxqlun vtnn peaKqlu Ha eAyr-
xt't'{xuti cKaqoK (nepexoAxoi Syxrqura) . 3aaa,ra 3aKntoqaerca a Haxor(AeHrr roe$Su-qxeHroa ai, bt, i = O, 1,..., n - 1, nepeAarorxoi Synrqura fi0.62) ,n, "oor""r"rif,o-qero pa3HocTHoro ypaaHeHIF MllHltManbHoro nopFAKa, ecnx Mbt 3ltaeM To{HO }rMnynbcHyK)
nepexoalryp Qyxrrlraro s(kl , k = 0, 1,... f loa cno8oM ,toqxo,, Mbr noapa3yMeBaeM, qro
ourn6rr a opAgtHarax.runynucxoi nepexoAxoi eyxx{rar npexe6pexruo Manbr, raK qro
lrx MoxHo He yquTblBaTb.

3aAaqa npaKrrqecKr He H3MeHRercF, ecfilr Mbr 3HaeM nepexoAHyro $yxrqnro, nocKonbKy
cBF3b MexAy AByMn peaKqhnMx o'{eHb npocra. O6osxaqaa AxcKpernbte opal4Harbt neFre-
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xoAxoi Syxr<quu qeor;s yp (k) , urr MoxeM 3anhcarb
slk l  = yr(k l  -  yp(k -  1 l  ,

k
yp lk l  =  2  s ( i ) .

i = 0

3xan nepexonxyro Qyxxuvllo, Mbl MoxeM, cneAoBarenbHo, c noMolrlblo BbtpaxeHnn (l3.ll
onpeAeflltrb xMnynbcHyK, nepexoAHylo syxxqurc u caecrn raKy6r nocra1oBKy 3aAaq[ Krcxo4xoi.

Oruerru, qro xMnynbcHaR nppexo4xaa eyxxqxn AxcKperHoi crcreuur moxer 6urr
onpeAeneHa KaK peaKqtan Ha eaxHlt{Hbti runynrc

u l x l = 1  n p r a  x = 0 ,
u ( x l  = g  n p u  x * O ,

ecnh Ha.tanbHoe cocronHre o6rercra x(01 = 0.

(13 .11

(13.21

flepeineu renepb K Peulel
Myt BxoaSMr vl MHorxMll Bblx
pa6ore t66.31, rae He 6blna
.qgnf,rb nln + r + Pl Koaodlll
ran a pa6ore 171.21, rAe ltn
BaH noAxoA, ocxoeaxxuti xa
Hlre, r Heo6xoattMblM oKa3bl
Hy Mbl 3afMeMGR sroi npouel

Cornacxo BbtpaxeHxx, ll 1
lr|TCA K OnpeAeneHvlp MaTps
ypaHeHxK,

S k l = c e k - t g ,  k = 1 , 2 ,

3Aecr nopnAoK n KaaAParH(
uexrsilk) MarPerllbr S(k) nP
aSHHOrO AO3AeiCTBheM earH

flocrpouu c ttoMotablo Bbll

(r3.31
(13.4t

lrlcrouan Moaenb onpeAeflaercn cpeax MoAenei MrHl4ManbHoro nopFAKa He norouy,
{To npx 3ToM nonyqaercR xau6onee npocran MoAenb, a a cnny rorg, {Tono[3Mepe]txnM
axoAa lr abtxoaa MoxHo onrcarb ronbKo AocrxxxMyp n xa6npAaeuyp {acrb o6rexra c
coorBercraypulrlM MllHhManbHblM xapaKTepxcrrqecKytM nonuHoMoM, X r4MeHHO nO3TOMy
MareMarht{ecKaF MoAenb AonxHa 6utrr urxnuanbxoro nopFAKa. Cnegyer otuerrru, qro
xeo6xoaruocrlr B HenocpeAcraeHHoM onpeaeneHlryr xMnynbcxoi nepexoaxoi eytxqrtunu peaK\un Ha cKaqoK no r3MepeHlrRM Her. B 6onruruxcTBe npaKTrqecKxx cnyqaeB 3To
Aaxe HeBo3Moxxo. OaxaKo npeAnonaraercn, qro oaHy ug Hux MoxHo Bbtttltcnltrb c no.
Molqbp HeKoroporo MeroAa lrAeHTer6rKagnu, B KoropoM xcnonb3ytorcn l43MepeHxa ExoAa
!f Bbrxoaa o6terra. Pacqer errx syxrquil no cpaBHeH[p c pacqeroM *os60r,rrerror,
HanpxMep, pa3HocrHoro ypaBHeHhF npoqe x npeAcraBnner c MareMauqecxoi rorxr rpe.
xua nnxei.xyto 3aAaqy.

Paccuorpuu cHaqana 3aAaqy MrHhManbHoi peanrsaqun 4nn o6rerra c oaHrlM 8xoAoil
l ' l  oAHxM BblxoAoM. B 5S 10'3 r 10.5 Mbt noKa3anh, '{ro napaMerpbt KaHoxrqecrrx4opr
AocrlfxyrMoctn u na6ntoAaeM(rcTr HenocpeAcrae1Ho aBr6x1rca roa$$xqxeHraM[ a1,'-i =
:0, 1,. . . ,  n - 1, n opAerHaraMh s(k) arcrperxoi runynucxoi lrepexoaxoi $yixqnr.C.ornacno ypaaHeHxrl (10.90) rMeeM

lstr  I
Irrrr

1,,,i
s(2) S(n)

s(3) s(n +

fi3.s1

a n a k ) n .
f - lp t  k= n r  1,n+2, . , . ,2nuu nonyqaeM o4creMy nrxeinsrx anre6pauvecxux ypaBHe.

xr.ri, xoropute MoxHo 3ant,tcarb B BuAe

Muxuuanuxttfi nopnAox eroi orcrenbt ypaBHeHlti onpeAenaercF raKhM Mr,tHr4uanbHbrm
3Ha{eHxeM n, npta Koropou det [S, ] = 0. 3ro o3Haqaer, ,ro 2n opaunar A]tcKperHoi r,runynuc.
Hoi nepexoAxoi Syxrqrta onpeAenaK,r n ypaBHexri, roroprreo6paryror orcreuy (13.61,
no3Bonapu{yp HaM onpeAenuru roeo$uqlteHrbt a1, i = O, l, . ,. . , n-1 . Oru roe$suqnenru
r.r opAHHarbr s (1), s (21 , . .. , s (n) nonHocrblo onpeAenspr KaHoHltqecKyro oobuy nOsrn.
)KhMocrl.r r xa6npAaeuocrn.

Ecnr xaAo onpeAenytrb r<oao$r.rr{nextd bs, br, . . . ,bn_t rfl4cnhrenF nepe4arowoi
Qyxrunn, ro MoxHo Bocnonb3oBarbca abtpaxexraeu (10,89) :

bn_*  =  s ( k )  +2 "_ l s ( k  -  1 )  +  .  .  .  +  ass (k  -  n l  ,  n ) - - k .

t48

s(k) = - [s(k -nl, s(k - n+ 1r,... .s(k - t 

Ll]

S h + 1 ) . . .  S ( 2 t -

llerro 3auernrb, qro MarF,ll
Aorxe Marptitlbl xa6nPAael
{acru ypaBHexr.rn (138) qerx

f r ' l
I

E" =194 .  lw,ea, .
Itce"-t J

Kar uarplqa AocrllxllMocrl
KOnbKy oHvl orHocFrcf, K TO

HblM ll ablxoAHblM nepeMer
)t3 Koropbtx nueet Paxr f = r

n = m a x D l  E i ] .

B n.  11.3.2 ur t  no3HaKo
x Ha6nPAaer,locrYl, ocHoBaH
AOCTX)|(I|MOCTH 14 Marprqbl l

TO AnR CTonaloa 14 crpoK M

Hbtx 9l BblxoAHblx nepeMeHHl

B AanuxeiureM npt4 Peul(
ca a ocHoBHOM crpyKrypor
orAenbHo ra6npAatu xaxA'
nef,crsYrcr, KaK nPaBHno, o,

.Qnn onPeaeneHxF Ml,lHY
Ha6npaaeMocrlr (1 1.54) ,
{ 1 1 . 5 6 ) ,  ( 1 1 . 5 8 )  r a  ( 1 1 . 6 1 )

XMENT BhA
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|
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n 3 . 1 )

(13.21

rqbp abtpaxexrn (13.1)
o nocTaHOAKy 3aaaqx K

i crcteuut uoxer 6urru

f i3.3)
f i3.4)

o nopRAKa He noroMy,
tro, qTo no gt3MepeHhFM
aeMyp qacrs o6terra c
'M, 1.1 ltMeHHO nO3TOMy
Cneayer oruerrrb, qro
nepexo4xoi Oynxqrn

KThqecKrx cnyqaeB 3TO
)xHO Bbtqxcnr4Tb C no-
K,TCF yl3MepeHha BXOAa
erou xoe$SuqueHroB,
rarnqecroi roqKh 3pe-

eKTa c oAHllM axoaoM
rl KSHOHIi{€GXIX OOpU
fr$nlnexraut ai, i =
nepexoAxoi Oynxqnn.

(13 .5)

re6pauvecrux ypaBHe-

(13 .6)

.AKl,|M 
M,tHhMANbHbtM

Ar,rcrcperxoi hMnynbc-
typr cxcreuy (13.6),
.3rn roe$suqheHrbt
ecryn Qopruy Aocrr,t-

rena nepegarornoi

IlepeipBu renepb K peureHxp 3aAas,r M[H]rManbxoi peanraaqrax AnF q4creM @ MHorh-
Mx BxoAaMn h MHorlrMyt BbtxoAaMr. PeureHre srofi aaAa,M BnepBbte 6urno ony6nnKoBaHo Bpa6ore t66.3], rAe He 6utna aeeAexa KaHoHrlqecxa" 6opua u'nosroMy Hyxmo 6rrno onpe-
Aenarb nln + r + p1 roa0snUnenroa. Sonee yAo6Hoi FBnnerca npoqeAypa, npeAnoxeH-
xan a pa6ore 171.21 , rAe Ans peureH[a 3aAaqx M]lHxManbxoi peanraaaqr,rra'6urn']rcnonb3o-
BaH noAxoA, ocxogaxxuri Ha KaxoHlt{ecroi eopue xa6nroAaeuocrr. Oro ynpoulaer peule_
Hne, x Heo6xoAhMbtM oKa3blBaerca abtq4cneHre ronbKo nlr + pl Koe$Suqueflroe. fiosro_
my uu saiueucR aroi npoqeAypoi.

Cornacxo BbrpaxeHrp (11.9) D =S(0), raK qro 3aAa{a MuHhManbxoi peanugaquu cso-
Axrca K onpeAenexhto Marpgtq A, B n C, ,xoroprre Ann npoyt3BonbHoro k'yaoenereopnror
ypa8HeHXK)

S l k l =  c e k - t a ,  k  =  1 , 2 , . . .

3Aecu nopnAoK t KaaAparroti uarprarlrr 4 Aonxex 6urru urxr,ruanbHo ao3Moxxuru. One-uexrsrykl Marp4ubt S(kl npeacraBnner 3Ha{eHne i-ro BbtxoAa " ,or"", BpeMeH}r kT, eal-BaHHoro aoeAeicreheu eAuHl.t{Horo ,rMnynbca Ha /-i axoA a xyneeoi MoMeHr "p"r""r.flocrpouu c noMoutbp BbtpaxeH[f, (13.7) oruuerp,rqHyp Marp]l{y

(  13 .7)

fi 3.8)

fsrr I

t':;l
S(n)

S(n + 1)

S ( n + 1 ) . . .  S ( 2 n - 1 )

CB CAB CA'- IB

C A B  C A 2 B  . . .  C A n B

c A ' - t B  C A , B . . .  c A z n - 2 ,

I
I
I
t '

l
flerxo gauernrb, qro MarFtqa a npaeoi qacrr,r (13.8) Moxer 6urrl sanrcaxa KaK npo63Be-
AeHxe Marp4qbr xa6no4aeuoctn n v'arriy.qbt AocrytxxMocru. O6osxaqhB Marp,tqy B neBoiqacrn ypaBHexun {1f,"$) qspes ,Sr, r,6r MoxeM 3anhcarb rorAa {13.8) B BxAe

f r ' l
l -  |

E " =  ' 9 4  .  l t a . A B , . . . , A " - ' B l'  
Lca;- '  1' 

'  (13.s)

Kar uarptaua AocrltxgrMocrgt, TaK yt Marp,tqa xa6npAaeuocryt AonxHbt t4Merb paHr n, noc-
KonbKy oHx orHocarcR r roi {acrh cl4creMbr, Koropan AocruxxMa r na6npAaeua no BxoA-
HbtM yt BbtxoAHbtM nepeMeHHbtM. llocronury paHr npolt3BeAeHyta AByx Marpr,rq, Kar(AaF
13 Koropbfx HMeer paHr h = n, paaen/r ( n, ro nopnAox cytcreMbt 6yAer paaex

n = m a x f [  E i ] .  6 3 . 1 0 1

B n. 11.3.2 uul no3HaKoMlrnlrcb oo cnoco6ou onpeAenenlta crpyKrypbt Aocrl,rxhMocrh
ra xa6npaaeuocrx, ocHoBaHHbtM Ha nuxeixoi 3aBucl.tMocrh cronfuoe h crpoK Marp,tqbl
AocrxxlfMocrll x Marp,lqrt na6npAaeuocrr, Ta xe caMan nunehxaa 3aBhcuMocrb t4Meer Mec-
TO AnR CrOnfuoe vt crpoK Marp4qbt E, ,  raxi{TocnoMorqbpu3MepeHHurx gxaqeui gxoa-
Hbrx r abrxoAHbrx nepeMeHHbrx MoxHo onpeaenxrb crpvKrypv o6terra.

B AanuxeiureM npr4 peuleHnh 3aaa{x Ml,rHxManbHoi peanr,rsagrr,r uur 6y4err nonb3oBarb-
cf, a ocHoBHoM cTpyKTypoi xa6nroAaeuocrrl, nocKonbKy Ha peanbHoM o6rexre Mbt MoxeM
orAenbHo xa6npA3ru r<ax<Ayp BblxoAHyp nepeMeHHylo, rorAa KaK BxoAHble nepeMeHHbte
AaicrBylor, KaK npaBrno, oAHoBpeMeHHo, TaK TTo ,rx orAenbHoe BnhFHxe xa6npaaru Henb3n.

Ann onpeAeneHxn MxHlluanuxoi peanh3aqhx Bocnonb3yeMca KaHoHytqecxoi Sopuoixa6npaaeuocru (1 1.54) , ocltoBHbre caoicraa xoropoi Bbrpaxaprcn coorHouleHr,rnMl4
(11 .561 ,  (11 .58)  ra  (11 .61  l .  Coorxou- rexran  ( l1 .6 l l  a  nphMeHeHxl t  x  r ' - i  qacrno i  cncreue
XMEK)T BI4A

clnn i = ( 1 3 . 1  t )



flocxoncry 3To xe nnxeixoe coorHoureHxe npuMeHyrMo K crpoKaM Marplllbr E, uur uo-
xeM 3anvtcaTb llpr onpeaenexulr Marp,r

(l 1.54) nepable /n crpoK xrr

c i =  I o , . . . , 0 , 1 . 0 , . . . ,

rae eAhHl4qa HaxoAxTca Ha i
r l i  = 0 Mbr eutnrcnaeu cfc nr

c ' , l ap ,ApBp . .  .  .  ,A l - t l

.Qnn aurrrcnexnn uarplg 4

. . . , N , r A €  / V = n + m a x n i .
13.1.2. OnpeAeaexre r

6onee cnoxHyp 3aAat{y, 3
ypaBHeHnF B npeanonoxe]fl
MeHHbrx o6rerra B MoMeH
cR rnaaHbrM o6pagou a ro
MU AaXe Manbte orKnoHeHl
HeqHoM pesynurare. K rol
no AaHHbrM nsuepexui exr
Oxa, oaxaxo, lvtoxer 6utru
BBeCT].l nOCneAOBaTenbHOCT
3aAaHHaF cucreMa uoxer 6u

.Q,nn crcreuu c oAHUM I
HeHUe rMeeT Blra

y l k  +  n l  +  an_ ty l k  +  n  -

=  b o u l k l  +  b r u l k  +  1 ) + .

9rcno xeresecrxrrx ros$(
HyrpoBaHHOM Cny{ae HaM Hl

KOTOpbtX MOXHO @CTaArrl
nrru xoaQQu{reHTbr a; u Di

Yln

Yln

v(3

y  =  z t n B .

Marpsqa Z1r, axoanuqan
cnyqaFx, Hanp4Mep, B c]
cxrlrane. Taxre cvryaqrr r
Ecnr xe, oAHaKo, sxoAxoi
B ypaBHeHhx (13.20) xea
xairr ucxouure xoo$$u

,
s l ( n i + 1 ) =  X  c l -

i =  r H::]
sf n' + ar 

[:::J

sr2ln, +1 ) = tal r, a'zzl f;il.t]

L,,,',,l

( 1 3 . 1 2 )

f i3.r 5)

C nououluro sroro abrpaxeHun Mbr nocrpohM cHaqana crpoKvr sI(k),slf i( + l), Ans
nepaoi exoAxofi nepeuexxoi (i = 1l n 6yAeu npogepnrb nocne nonyqexraR raxAoi xoeoi
crpoKx nraxeixyro He3aB,rcvrMocrb Bcex crpoK, Kax ronurco rtur raiAeu nepByp nnxeixo
3aBXCUMyK) frPOKY, Mbr nonyqxM

( 1 3 . 1 3 1

Taxru cnoco6ou Mbr onpeAenvrM nopRAoK n1 nepeoi racrxoi cl4creMbr, xa6npaaeuol
no axoAxoi nepeuexxoi fr. OnxoepeMenHo c noMorqbro ypaBxeHxs (13.13) Mbr onpe-
AenuM xoaoor.rq[exftr cf r xaPaKreprcrl4qecKoro ypaEHeHvrF aroi qacrxoi crsremur. Te-
nepb Mbt MoxeM paccMorperbcrpoKvrs l (1) ,s I  Ql , .  . . ,3neMeHrbt  Koropbrx -  H3MepeHHbre
3HaqeHnF eurxoAxoi nepeuexxoi y2. VI cnoaa, KaK TonbKo urt xaiAeu nepayp 3aaxclrMyK,
crpoKy, Mbr nony{nM

( 1 3 . 1 4 1

Tarnu cnoco6ou Mbr onpeAenlrM nopaAoK n2 aropoi qacrxoi cucreMbl, Koropan xa6np-
AaeMa, ecnh K auxoaxo{i nepeuexxoi yl Ao6aaxrb nepeMeHHyp y2. Ypanenae {13.141
no3Bonaer raKxe onpeAenxTb roe$suquextu ul2 xapaKTepr,tcrnqecKoro ypaexenr,rn eroi
qacrxoi o4creMbr, a raKxe roa$sraqrenrrr cf r caa3YKrqero {neHa. AHanoru,rxutM cno@-
6ou uur npoAonxhM paccMorpeHxe cneAyrlullrx BbrxoAHbrx nepeMeHHbrx Ao rex nop, noKa
oHr,r Bce xe 6yAyr npocMorpeHbt. Tarru o6parou 6yAer aut,ucneHa BcR uarp,rqa4p.

OnpeAenexre Marprqbl 8p o6nerraerca reM $arrom, qro B Kaxonu,recrofi $opue na6-
npaaeMocrlr Opr = E. C yqerou 3Toro ooorHoureHra ypaBHeHyre (13.91 nuxhMaer Bna

s l ( 1 1

s l h r )

" l  r t  r - =  I B p ,  A p B p ,  .  .  . , e f i - t  a p l .

Ve ypnuexna (13.15) oqeBxAHo, {ro Marp4qa 8p sKarBsneHrHa nepabru r cron6qau
Marp4ubr e neeoi qacrr sroro ypaBHeHxR.

t50

H]
H

shln-l



1
l

rM Marplllbr $, urr uo-

|'13.12',,

(k ) .s l (k  +  1 ) ,  ann
ony{eHrn xax<loi xoaofi
taiAeu nepByro nrxeixo

( 1 3 . 1 3 )

)hcrembr, xa6nroaaeuo&
rua (13.131 Mbr onpe-
i qacrxoi qacreurr. Te-
ioTopbtx - x3MepeHHbte
leM nepByp 3aBxcxMyK)

( 1 3 . 1 4 )

reMbr, KoropaR xa6np-
,2. YWBHeHUe (13.14)
cKoro ypaBHextn erori
r. AnanoruqxbrM cnocp-
rHbtx Ao rex nop, noKa
n uarplr4a4p.
rxrqecxoi $opue xa6-
113.9) npaxraMaer BlrA

( 1 3 . 1 5 )

flepebrM r cron6gau

llpr onpeaeneHvlH Marpgltlbl Cp uut nonb3yeMcF reu $axrou, {To cornacHo ypaBHeHhK)
(1 1.541 nepabte /n crpoK rMeror ayta

c i =  I 0 , . . . , 0 ,  1 , 0 , . . . , 0 1 ,  ( 1 3 . 1 6 )

rAe eArHxqaHaxoAhrcn-Ha Mecre (n1 +n,  +. . .  + n i_t  t  1 l - ro gneuexra,ecnn n;)0.  f lpr , r
ni = 0 Mbt Bbtrr4cnneM ci c nououlup ypaaHeHhn (t3.8), r.e. cornacHo ypaBHeH[p

c i l a p , A p B p , . . . . A 3 - t a r 1  = s l f i ) .  ( 1 3 . 1 7 )

,Q,nn aurrrcneHxa Marpltq Ap,Bp x Cp Heo6xoAr.tMo 3Harb 3Ha{eHhF S(k) npl k =1,2, . . .
. . . , N , r A e  N = n ! m a x n i .

, 13.1.2. Onpegeaeue roa$snqrelrog pa3[ocrHoro ypaBlefixn. Paccuorpau renepb
6onee cnoxHyp 3aAaqy, 3aKnp'{apulyrocn B onpeAeneHxyt roeQQrarlnexroB pa3HocrHoro
ypaBHeHhF B npeAnonoxeHrx, 'rro l43aecrHbr ro'{Hbre 3HaqeHxR exoAxoi n aurxogxoi nepe-
MeHHblx o6texra B MoMeHTbt KaaHToBaHvrF. Tpygxocru peuJeHla eroi saAa,tu 3aKnpqaer-
cF rnasHblM o6paoou I ToM, qro npi t{r4cneHHoM peuieHrlt AerepMxHxpoBaHHbtM}t MeroAa.
Mu Aaxe Manbte orKnoHeHua or rot{Hbtx gxaqexni MoryT o{eHb o,rnbHo cKa3arbc6 Ha Ko-
He'rHoM pe3ynbrare. K rouy xe onpeAenexue xoseeuureHToB pa3HocrHoro ypaaHeHun
no AaHHblM nsuepexni axoAa H BblxoAa o6texra - sro B ocHoBHoM nennxeixan 3aAa'{a.
Ora, oAnaro, Moxer 6utru caeAexa x nuneixoil, ecnu B Kaqecrae nepeMeHHbrx cocro6Hxn
BBecr,l nocneAoBarenbHocrh gxaqexni BbtxoAHbtx nepeMeHHbtx crcreuur.Taxr,ru o6pasou,
3aAaHHaa c[creMa Moxer 6urs onrcaxa cucreuoi pa3Hocrxblx ypaexexri.

.Qna cucreuut c oAHytM,axoAoM h oAHl,tM BbtxoAoM cooTBeTcTBypulee pa3HOCTHOe ypaE_
HeHle xMeeT BltA

y l k  +  n l  +  a n _ r y ( k  +  n  -  1 )  + . .  .  +  a 1 y f t  +  1 l  +  a o y l k l  =

=  bou l k l  +  b ru (k  +  l )  + .  .  .  +bn_p l k  +  n  -  11 . ( 1 3 . 1 8 )

9rcno xer3aecrHblx xos0QrqraexroB ypaaHeHran (l3.l8l paeno 2n. flosrouy B AerepMh-
HvfpoBaHHoM cnyqae HaM HyxHo raKoe KonrqecrBo naprauepexri ulkl  uylkl  ,  c noMot4blo
KOrOpbf x MoxHo @craal,rTb c]rcreMy ypaaxenui, cocrosLltylo nz 2n ypaeaeaui, u onpeAe-
nnru  xo :QSuqheHrb t  a1  n  b ; , i  =0 ,  1 , .  . . ,n  -  1 .3 ra  c rc reua hMeer  By ta

y ln  -  1 l

yln - 2l

yl3n -2l.

-it6

- O y

r/(0)

u ( 1 1

u l2n-11

u l n  -  1 l

uln -  2l

Y  =  Z r n o .

( 1 3 . 1 9 )

(13 .20 )

l',:':,)
u(3n- 2ll':':

Marprqa Z1r, exogat4an B ypaBHexre ( l3.20l,6rraaer BbtpoxAeHHofi ronuro s oco6urx
cnyqaFx, Hanp4Mep, B cnyt{ae ycraHoBl4BulerocF ABl4xeFrua nlt nocToFHHoM BxoAHoM
chrHane' Tarr.re cxryaqhx MoxHo nerKo HcKntoqlrrb, hcxoAa rs $rarrvecxrx npeAcraBneHhi.
Ecnr xe, oAHaKo, exoAHoi crrnan Aocraro{Ho xopouJo aos6yxAaer cncreMy, ro Marpuqa
a ypaBHeHhh (13.20) HeBblpor(AeHa, h, cneAoBarenbHo, raxoi axo4xoi qarnan no3Bonaer
xaitn rcxoruule roe00hqreHTbt. flopoao* q,rcreMbt rl onpeAennercn KaK nar6onuuree



qrcno, AnF KOrOpOrg 3ra Marp,tqa hMeer paHr h(zrnl=2n. B HeonpeAeneH6blx cnyqagx

cneAyer npogepltrb, yAoBnerBopnpr nx orAenuxure xa6optt AaHHbtx u3 ypaBHeHxn (13.19)

pa3HocrHoMy ypaBHeHxp (13.18). Ecnu nopFAoK cucreMbl onpeAeneH npaBrnbHo,ro BeK-

TOp ucKoMblx napaMerpoB paBeH

tzz (0)

yzl l l  + r lm - 1+ nr l

+ r l m - 1

,n2 AO Te

r ln ,  -  1+  nr l

Bropoe pa3HocrHoe YPaBHI

f Yzlkl
I

y z l k + n r l - a t r r |  , . .

LY'l* '

n -  -  I
= t 1ll(zt ,rr * ', .
i = o

Aranoruqxo Mbt nocrYn
Ecnra np.r i'i sutxoAxofi nt
ceoicraa cooraercrByrcLqel
HblX nePeMeflHbtx Yt. Y2, ,
xoe anre6pah{ecKoe YPaBI
HocrFMH ulkl , Yrlkl , Yrlll

S 132 Merol [aHMeHbIIrn

B 6onuurrxcrBe npaKThqg
B en rqxH HeAOCTarolHo TotlH
HO Ha none3Hble BxoAHble
cxrHanbl w, a BblxoAHble
HeHr4F CCTOAHI|A MO)(HO 3€

xk  +  11= Ax(k l  +  Bu lk l

v lk l  =Cx(kl  +A.r(k)+r

r n e v ( k )  u w l k l  - c n y { a
3HaeM TOnbKO HeKOTOpble

r,rx$opuarlura o cnYralxstr
rraOrraqur x npe'anoxxrt
pa$e uur 6ynem 3aHrMa
K oAHoMy us ctapetruxx xt

C rex nop KaK 3ror M
AflA pac{era AaxxeHun He
xurx o6nrcrRx, t{To no3Bo
Hlrxe MeroA HarMeHbulllx

S = Z tt"V.
(13.2r)

npl axanuoe AnHaMnqecKxx cgoicra MHoroMepHblx q4cTeM c r BxoAaMll lr p BblxoAaMu

Mbt OnpeAenf,eM nOpaAoK cl4greMbl, cTpyKTypy xa6npAaeuOcrh t4 3HaqeHlrn napaMerpoB

no cneAypulei npoqenype 147.11 '
l-lo nauepex6btM KoMnoHeHTaM BeKTopa Bxo[Hblx nepeMeHHblx u r nepaoi grtxoAxoi

nepemexxoi t/1 Mbt crpol,tM Marp4ubl

; 
u" (0)

U z ^ = 1  . . .

Lu ' l ( 1

A ^ a  m  = 1 , 2 , . . .
Tex nop, noKa

f  Y '  (o l
z  - lz r m - 1 . .

L v r [ ( t  + r l m  - 1 1

I  u ' (01
I
t " '
l u r [ ( 1  +  r l m  - 1 1  . . .

Y t l m  -  1 l

Y t l l 2 +  r l m  - 2 1

l"';,1,,",".u r w - 1 1

u ' l ( 2+  r lm  -21
(13.221

r'e' AoA n A  m  =  1 , 2 , . .
rex nop, noKa

7 
vt lnr l

I
Ll,' t'tz * ,t,

Tex nop, noKa He xaiAeu nrxeixo gaaytcrauurfi cron6eq,

fl3.23t

-  1 l

Y  =  Z t n ,  B . n3.241
B ypaexexrr (13.23) cIr {1; nrl - Marpuqa-crpoKa, cocroaulaa us rog$Oxtt]teHroB

qacrro i  chcreMbr,  xa6npAaeuoi  no Bbr)@Axoi  nepeuexuoia yt ,  a  p5( l ) , . . . ,p ; : t ] ,
crpoK[ Marperqbr 8p n3 ypaBHeHxa {11.541. CneAogarensxo, o6qee qrcno xeubsecrHbtx
roe$$r,r4uexroB paBHo 11 + rlnr, raK qro nopRAoK Marplrqbr Z1u. taxxe paeex {l +r)nr.
llp.r cooraercreypulei axoAxoi nocneAoaarenbHocrx BeKTopoa ti uarpntTa Z 1,r, Heabl-
porqexa h, cneaoBarenuxo, o6parHan Marp[qa cyulecrByer, ]r Mbr MoxeM abtqhcnrrb h3
ypaaHeHxn |.13.241 Marpxqy€ron6eu 0, 3neMeHrbr roropoi ,r FBnR|orcF l,rcKoMblMtl
roa0Qr,rqnenraun. Torga nepBoe pa3HocrHoe ypaaHeHre, @orBercraypqee Bbtxolxoi ne-

, n r  A o

]',.H; ]

peuexxoi f 1, nv,@T anfi,

_ l_  
v t tk l  

I  n ,  _ ,
y t l k + n , ) - a I ' 1 . . .  l =  Z  F ' ( t t u ( k + i l .

L v , k * r , - . J J  
i = o

Tenepu Mbr nepexoAhM K xaeHrer$rrauuvr cneAypqei {acr[ cr4creMur. flnn SToro Mbt nonb-
3yeMca u3MepeHHbrMr 3Ha{eHuRMu KaKeurxoAHoinepeuexxoi f1, raK r eurxogxoi ne-
peuexxoi 12, u crponM Marphlly

Z z ^  =  \ Y 2 6 ,  U 2 6 1 ,

rAe

Yz^

y r l n r  -  1 l

y r  [ { 1  +  r l m  - 2 +  n r l

(13.2s1

(13.26)

-  f t "o '- l
L f , [ ( t  + r l m -  1 + n 1 l



eonrreAeneHHbtx cny{aBx
rx u3 ypaBHexrn (13.19)
leneH npaa]tnbHo,To aeK-

f i3 .21)
BXOAaMyt ],t p BbtxoaaMu

h 3HaqeHhF napaMeTpoB

ruu nepeo i  aurxo4no i

(13.221

:r.ruurri cron6eq, T.e. Ao

(13.23)

t, 
vzlot

t . .
I  yz l l t  +  r lm -  1+  n t l y z u 2 + r l m - 2 + n 1 1

Y z h  -  1 l

113.271

u t l m - 1 1

u ' 1 ( 2 +  r l m  - 2  +  n i

noKa He xaiAeu nnnerixo eaeroauuti cron6eq, r.e. ao

l
| 

"" (ot
u r _ = 1  . .

L u ' [ ( t  + r l m -  1 + n r l

And  m =1 ,2 , .  . .  , oz  ao  rex  nop ,
Tex nop, noKa

(13 .28)

(13 .291

(13.30t

(13 .31)
( r3.321

l ' r '  , ' , r ' * ' ,  -  r tnz -1 + n1l  l= 
"^

Q z t

Qzz

p[')

p* l - '
Bropoe pa3xocrnoe ypagHexhe rorlB t,t169s1 s6g

f  v z k l  I  f  y r l k l  - l

Y z ( k  +  n , t  - o i r l  . . .  
|  
- . t ,  

|  |  
=

L r r W * n r - : 1 J  L r r W + n ,  - r ) J

a - - l
= , ! o  9 1 < " ' l k + 1 1 '

tI3.241

aa ur ros$SelureHroB
6 ( , ) , . . . , p I 1 , 1 ,
Be qhcno xerabaecrHutx

raKxe paBeH (1 +r1n,.
uatpaga Z 1,r, Heabl-
MOXeM Bbt{Icn[Tb l,t3
lBnaloTca l/|cKoMbtMrl
yxlt4ee errxoAxoi ne-

Axanorhqro Mbl nocrynaeM lr co cneAyx)lqr,rMx BblxqAHbrux nepeMeHHbrMr4 cltreMbl.
Ecnr npt r'fi eurxoaxoi nepeuexxoi uur nonyraeM nopaAoK n,. = 0, ro ArHailH{ecK}te
caoicrea @oTaercTaypqei gacrxoi cucreuul 6ygyr onrcurearlcn c noMol{b1, abrxoA-
Hbrx nepeMeH[btx f  1 ,  v2, . . , ,y1 _ ' .  Buecropa3HocrHoroypaBHeH,tF Mbt  nony{xMnuxei-
xoe anre6par{ecKoe ypaexexnd, onpeAenRpqee cBF3b MexAy y,kl u nocnqAoBarenb-
H o c r n M r , f  u ( k l  , y r l k l  ,  y r ( k  +  1 l  . . . . , y i _ 1 l k l  , y i _ t  ( k + l ) , . . . i V ,  _ r l k + n ,  _ r  -  l ) .

$ 132 Meron HalMenbrultx KBaApafi)B

B 6onr,urnxcrBe npaKrrtrecKlrx cny{aea x3MepeHxbre 3Ha{eHha BxoAHbrx l,r BblxoaHblx
BenlrwrH HeAocraro{Ho rorxul, rro6bt nonb3oaarbcf, AerepMytHupogaHHbtur4 ueroAauu. O6urq_
Ho Ha nonqtHbte BxoAHbre clrHanbl o6texra u HanaraprcF Heh3MephMbte Bo3Myltlapullre
cnrHanbt vv, a BbtxqAHbte nepeMeHHbte }|3M@FK)rcn c ourr6roh v, B 3roM cnyqae ypaB.
HeHrR C(trTOAHltF MOXHO 3anxcaTb B BXAe

xlk + 1l  = Ax(kl  + &u(kl  + wlkl ,
y(kl  =Cx(kl  +tu(kl  + vlk l ,

fi 3.25)

, .Qnn aroro Mbt nonb-
raK x Bbrxoaxori ne-

(13.26)

rae v (kl n w(kl - cnyvaixue BenrqhHbr, o Koropbrx urr nn6o Hr4'{ero xe sHaervr, nu6o
3HaeM TonbKo HeKoropbte claTt.|crr4trecKre caoicraa. B gaexc[rvtocrr or xaurei anpuopnofi
r.rxsopuaqrar o cnylainurx BenuqrHax v u w Mbr MoxeM csopuynr,rpoBarb 3aAaqy uAeH.
ru$rxaqrr h np€onoxrrb pa3nrqHbre npoqeAypbr peureH],|R eroi sagarr. B arou'napar-
pa$e urr 6yaeu 3aHllMarbcn MeroAoM HahMeHburlrx KBaAparoa, roroprri orHocltrca
K oAHoMy rs crapetrurux KnaccxqecKhx crarrcrhqecKxx Mero[oB.

c rex nop KaK 3ror ueroa 6rrn npeAnoxeH r xcnonb3oBax K.o. Fayccou a 1795 r.
AnF pacqera ABr4xeHua xe6ecnutx ren [1809.11. oH Hauren npelMeHexhe B caMbtx pa3nh{.
xutx o6nerRx, {to no3Bon[no paocMorperb qenbli pnA 3aAa{ c egranoi ro,,xr ipe"rn.
Hrxe ueroA HalrMeHbuytx KaaAparoa npxMennercn Anr Haxor(Aenlta napaMerpoB MoAenll
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ynpaBnneMoro o6texra nnn, ApyrnMlr cnoBaMh, 4nn ugarrn$xKaqxn ArHaMrqecKhx
caoicre pa3oMKHyroi cncreuur,

13.2.1. MareuarnqcKxe Mqenr ynpaanneiloro o6terra. Ilpexae reu nepeirr r
Hen(rpe,acrBerHoMy peuelrxxr paccuarpnaaeuoi 3aAa{r, cneayer orMer}trb, rrro
uAenrn$nxaqt.txl ArHaMx{gcKhx cEoicra ynpaBnneMoro o6txra MoxHo cytqecrBe}rHo
o6nrrrru, ecnn npu pac{erax eur6paru raKyp MareMarlqecKyKr MoAenb o6terra, Ko-
Topaa no3aonaer onucarb ero ceoicrea HalMeHburhM wrcnoM napaMerpoB. Kpoue roro,
cnqAver yqecrb, qro npn o6pa6orxe p€ynbraroB nsmepenni BxoAoB r,r BbrxqaoB o6texra
MoxHo l4cnonb3oaarb ronbKo xa6npAaeuyp !r Aocr.,rxhMylo qacrb cl4creMbr. Tartra o6pa-
3oM,onxcaHue ypaBHeHrFMx @cronHlrn He FBnnercn xar6onee y4o6xuru ans peuleHlra
nocraaneHHoi saAaqr. Mur xe 6yneu o6cyx4aru 3Aecb pa3nxqHbre MareMauqecKxe MoAe
rn, n(rKonbKy hM nocBnqexa cneqlranbHan nrreparypa 171.21 ,73.18,74,71. Mur orpa-
Hr4qHM o6cyxAexne nraxeixoi perpecceroHHoi luoAenup c xoxelxoi naMFTbp, Koropyxt
ann MHoroMepHbrx clrcreM aeen B. flerepra. B o6rqeu cny{ae perpecc}roHHan Moaenb
Moxer 6erru npeAcraBnefla BbrpaxeHlreM

y(kl -- rlk, ,'to, 
't 

, u(lrott, rfoi t ') + e(kl , (13.331

( k -  r )
rAe y: o6osxaqer nocnqAoBarenbHocrb y(Ol, y(lt-, . . . , ylk - 1l (aranorrrnule
o6osx5qexun nplrMeHnprcn x K ApyrvrM n@eMeHHbrul , r (k) - ycnoBHoe cpe.qHee, onpe
AenFeMoe BbrpaxeHvreM

r(k)= 8tvt*t lv([nr"," l i ] , ,1[;" ,= Iv(ktp(vtktrr l l i " ,u 'rro' , , , | i ;" tdvkt,

B KoropoM e(kl - cnyrairaR KoMnoHeHra e npeo6pasoBaHeru ablxoAxoro aexropa fft),
BbtpaxeHHoro Syxxqraei perpeccyrx r lkl Ha npeAbtcropllx BxoAHblx tl BblxoAHblx
curHanoB.

Ko exoaxutu nepeMeHHbtM OTHOCRTCF ynpaAnRpLtlxe nepeMeHHble, T,e. KOMnOHeHTbI
BeKTOpa u. n He3a8,ucl4Mble BxoAHble nepeMeHHble, HanpxMep, Eo3Myqapuue nepeMeH'
Hble, KOTOpbte RB4RpTCA KOMnOHeHTaMn AeKTOpa v. .Q,nn FCHOCTr x npOCTOTbr nOCfle

AyroLl$ro yt3noxeH[F axoAHyK, nepeMeHHylo v MoxHo onycrurb 6ea norepr o6qxocru

peulellvlF.
Cnyqaixan Benvt{uHa e(k} ttueer cnqAypul}le cBoicrBa.
(a) Hyneeoe cpeaxee:

8[e(k ) l  =  0 . (13.341

(6) flepeuexxan e(k) He 3aBrcvrr or n(rcneAlero 3Ha'teHlrn BxoaHoro cvrrHana u or acex
npeAbrAyl.utix BxoAHblx h abtxqAHblx gxaqexui crrHanoa, raK {ro

8 [ e ( k l u r { k - x l ]  = 0  n p x , (  =  O , 1 , 2 , . . . , k .

A l e l k l y '  ( k - r ) l  = 0  n P r  K = 1 , 2 , . . . , k '

(e) nocneAoBarenbHocrb e(kl , k = 0,1,. . ., - 3To nocneaoaarenbHocrb B3allMHo
HeKoppenltpoBaHHbtx cnyraixutx BenrqhH:

E l e ( k ) e r ( k - x l l  =  0  n p x  x =  1 . 2 , . . . , k .

,{nn cnylaa o6o6ulexxoi nureixoi crau}ronapHoi perpeccuoxxoi

naMarbp ypaaHeHhe (13.33) Mox(Ho 3anvcarb a Bltae
/ v N

vk l  =
t = l  t =  |

(13.35t

{13.36}

Moaenh c roxe{xoi

O6o6qexxan perpeocxo
u[ttecKoi cxcreMbt c 113
npocrblMlr nrxeixutur Pe
xoi uoAenr (13.371 , na
agnb

N

y k l =  E  p 1 u ( k _ i l + e
i = O

r nuxeixaR aBToperpecclrc
N

vlkl =
i = l

.Qnn pasouxxyroi crct
HbtMvt. B oaurxyrutx xe cl
H}tFM BbtXOAHbIX Benr{}lH.
q*tui. ylkl , Koropbre B cltt
nepeuexxoi y. Oroola cne.l
cbtBaercR o6o6u$nxoi perl
cnyrafi xute Benlt{}tHbr.

Ypaexexne (13.37) uox

v l k l=@rz l k1+e (k l ,

rAe

6 r  =  [ P r v , O N , . . . , P t , (

z' 1k1 = [u'(k - Nl, y' lk

tlpu r BxoAax lr p Bbrxc
i  = 1,2,  .  .  . ,  N,pa: tMepHo(
pr,ruur Or paana (p; vl , rat
HO, Apyroe EHyTpelrHe€ cTp
xerun (13.191 . Oruerr,ru '

rll| Ml.t MaTeMaTYlqeCKUMl,l MO
MoAenu (13.371 npeAc

roHeqxoi naMRTbto, KorAa
nonaraeM Teneps, {To MaTt
qexl i  i )n oxu nuxefixt
HUAMUI

n
t  c i Q , _ r ,

i =  r

Ecnta e prpeccuoxxofi uq
k x a k - j , r o M b l n o n y { x M

t  a i Y l k - i - i l =
i = O  t

unn. gcmi nonolclrul + i =

2 o,_ iv{ . t . - t l=
t = i  t

Ylrxoxru renepb 3To ooo
MrpyeM nofly{e}rHoe cooTr

(13.371

npl ycnogult, qTo ace nepeMeHHbte h3M@RxlTcR OTHOClrTenbHO UX CpeAHXX eXaretri,
KoBapxaqxoHHaa MaTphqa

R= I  [e(k)e ' (k) l  {13.381

cooraercrayer oAr4HaKoBo pacnpeAeneHHoMy cnyraixouy EeKropy elkl, a oi n P; -

Marpxubr xor$Qnqretlroa perpeccervr.
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r$rxat1r,l.r ArHaMh {ecKrx

llpexae reu nepeirn r
cneAyeT oTIVETITb, {TO
Ta MOxHo cytrlecTBeHHo
K, MoAe[b o6rerta, Ko-
rapaMerpoa. Kpoue roro,
)aoa tr BbtxqAoa o6terra'b cl4creMbt. Tarrara o6pa-

y4o6xuru AnF peueHna
e MaTeMaTIqecKle MoAe
73.18, 74.71. Mur orpa-

lroi nauarup, KoropyK)
I perpeccxoHHaf, MOAenb

(13.331

y(k - 1l (ananorrrxue
rcnoaHoe cpeAHee, onpe

/rro'r' /rror " |o, (rl,

lxoAHoro eexropa y(k),
BXOAHbIX h BbrxoAHbtx

lHbre,  T.e.  KOMnOHeHTbI
)3Mytqaroull/|e nepeMeH-
3Th t/| npocToTbr nocne

6er norepu o6r.rlxocrr

t13.Ul

lHoro cHrHana h oT acex

.  (13.35)

raTenbHocTb B3aI/|MHO

(13.36)

h uogenn c xoxe,{}roi

(13.37)

xx cpqAHltx 3xarexri,

(13.38)

ry elkl, a Qi u Pi -

n
o , = - . ? . C i e , _ r .  p i = -  f  C , e , _ r .

i = t  i  =  r

O6o6qexxan perpecc]tornaa MoAenb aannercn yAofroi MoAenbK, nrxeixoi Arxa-urqecxoi cr,rcTeMbr c vr3MepxMblMx axoAHblnn 6 BbrxoaHbrMx Benuqrxaun. 50neenpocTblMer nrxeixurur perpeccroHHbrMlr iroAenarrx, Koropble cneAypr rs o6o6.Uex-xoi uoaenn (13.37) , nBnn|orcn cneAyxllqre: o6rrrrxaa nr"*i"a, perpeccxoHHag MC'-apnb

N
y l k l =  2  P , u ( k - i l + e l k l

i = o

n nnaeixaa aBroperpccuoHHan MoAenb
N

y ( k l =  2  O , v k - i l + e k l .
i = l

,Qnn parouxxyroi cr,rcreMbl BxoAHbre 3Ha{eHhR u (k - il MoxHo c,{l.lrarb Hecnyqai_xrtur. B 3aMKHyrbtx xe clrcreMax 3Ha{eH}la a(k) eutlucn"pr""'-n-o"npeAbtAyulhM 3Haqe_
:f-t ?,:'j,*j::jfi1.il._Tanu o6parou, 3Ha'{eHnF u(kl saancar or npeAbrAyr.qux 3Ha-;##;T";ffi:;
nmeMcuqn; v l \ -*no ;;#;;il;;;altneorc n6a6r r  rau-^.- .

::,i"1."t::,"r9::-T:To& 
perpeccraoxxoi uoAen'o ns.Sli ffr;;il;;;;;";;;.",i'r;;:':

cnyrainute Benyt{hHbl.
Ypaexexre (13.37) MoxHo 3anhcarb a cneAyroqei npocroi $oprrae:

Y l k l = @ t z k l + e ( k l ,  k  =  1 . 2 , . . . ,

rae

6 t  =  [ P n ,  O N , . .  . ,  p t ,  O t ,  p o l ,

z' 1k1 = lu'(k - Nl, y, lk - Nl, . . . , u, k - 11, y, (k _ I ), u' lkll .

l l p u  r  B x o A a x  h  p B b t x q A a x . M a r p r q a  O ' , , n : T 1 _ g T f "  p , , j = 0 , 1 , . . . , N , ,  e i ,i = 7,2,..., N, parMepHocrl.r lp;-rl i  b; pl cootaercreexxo. TorAa paauepxocrsuir-pr*ur @r paaxa @, vr,rae , =-urp * ri '*i. tvtarphqur o; rl&i'Moryr hMerb,KoHeq-HO, Apyroe BHyTpeHHee CTpOeHhe, HanpltMep, CornaCHO np.,Hqnnyr npxMeHeHHOMy B ypa'-xetrn (13.19). Oruerr,rrvr raKxe caa3yt p:tccMaTp]tBaeMbtx uoaeneli c HeKoropblMx Apy-rt,tMlt MareMarlrqecKrMlt MqAenFMx o6terroa.
MqAenu (13'371 npqAcraBnaer cneqranrxrri cnyrai perpeccxoHHoi uoAenr c 6ec.roHe'rxoi naMFTbp, rorAa rv * -. Orpixrqrauxcb KoHeqHbrM {r*noM napa'erpoB, MbrnonaraeM renepb, rto 

-r:llrT] _O_,^! 
p, H€BaarcltMbr ronbKo npn i ( n, a AnA Bcex 3Ha-

fiHr,i)n 
onn nrxeixo saauihurr.B @orBercrahh co cne4ypLqrMh @orxoure-

(13.39t

(13 .40 t

f i3.41)

r55

Ecnu. a p.erpeccxoHHofi mqAenra c 6ecroxeqxoii nauRrrp npltHnrb Oo = _ E lr :auexnruk aa k - j, ro Mbt nonyq[M

-  
. ! ^  o , v k - i - i l = . 2 -  p , u l k - i - i l + e ( k _  j l ,i = o  i = o

ll'nn, scnu nonoxr,trb/ + i = l, oKoH{aTenbHo

-  
. ?  

o , -  1vk - t l =  2  P ,  _  i u (k  -  t l +e (k  - i l .
t = i  I = i

Yuxoxr,rlr renepb oro ooorHorueltre cneBa Ha _Marpt.ttly xoa$er,lqreHroe C, ]t npocyM-MlpyeM nony{eHtoe coorxoureH}te no i = O,1 ,2, . . . ,'n. fora"iV""roM coorHouJeHrn



(13.41) Mbl nonyqltM
n n
2  A t v k - l l =  2  8 , u ( k

l - -O ,  =O

rAE I
A s = C s = E ,  A t = -

i = o

* t) + 3 c,elk - n, 03.421
, = o

I

CiOr -  i ;  Bt= 2 CiP,- i  .
i = o

ypaexexri (13.53) Mbr nc

A(E)S(F)  = BlEl ,  S i  =

13.2.2. Cyuma HarmertHrr
nonb3oaarbcn MoaenbK, (
caqAeHa x sroi Oopue.

3anrureu ypaaxexre {1

Y ' l * l =z t  l k l o+d  ( k l ,

rAE KOMNOHCHTbI BEKTOPC

M e H H b r M x  y i l k l  ,  i =  1 ,

xoaSMx.

l-lonoxua renepb B y
cneaypr4ylo cticreMy nxHe

Y  = Z @ t  E " ,

rae

Paluepxocru uarprrl Y,
lK; Pl ,  rAe u = NIP + r l
BercrBypraan o6terry c t

Y = Z B + e ,

rAe B cq)TBeTCTBl,lx C nP
pnqu-cron6qbl rt BeKTol
OAHXM AXOAOM N OAHXM
AaMr, no cyqecTay, coBl
oSrexr c oAHxM BxqaoM t

Cyuua KBaAparoB o
(13.571 paexa

J - l y - 7 g 1 t 1 y - Z B l

Ypaa x enr,r e ( 1 3.421 - croxtrl,rq ec Ko€ pa3HocrHoe ypaBHeH ne.
BEeAeM oneparop 3ana3[br BaHrR

vk  -  l l  =  E - t  v l k l .

3ro noggonRer 3anlcarb cngAypulxe nonnHoMbt:

O l E l = E - O t E - r  - Q r E - 2  Q * E - N ,

P l E l  =  P o  +  P r E - r  +  P r E - 2  + . .  .  +  P r E - N  :

A ( E l = E + A r E - r  + A r E - 2  + . . . +  A n E - n ,

? l E )  =  8 0  +  B r E - r  +  B z E - 2  + .  . .  +  B r E - ' ,

C l E l  =  E +  C r E - r  +  C r E - 2  + . .  .  +  C n E - n ,

Ann raunynucxoi uqAenn aBeAeM cneayxlqxe coorHouenrR:

s ( F )  = s o  + s r  E - r  +  s z E - 2  + . . . +  s r E - * ,
F ( E l = E +  F r E - r  +  F 2 E - 2  + . .  .  +  F r E - * ,

rAe M +a Ana MoAenh c 6croxeqxoi naunrup.
C nouoqrro 3Tlrx cd)rHourexri Moxro nerKo ycraxoBr,rrb B3alrMHyp cBa3b Mex4y

orAenbxbrMn MoAeflRM]r n nx $renrecKyp rHTepnperaqlb.
Ypaerexne perpecclroHHoi uqAenr (13371 npxHxMaer BrtA

(13.43t

(r3.441

(13.451

(13.461

{13.471

(13.481

(13.491

fl3.50t

(13.511

olElv lkl = PIE lu lkl + elkl.

CroxacrrrecKoe pa3HocrHoe ypaBHexxe MoxHo renepb 3anttGaTb B BrAe

A (E lv (kl = s lE I u lkl + CIE le lkl.

,QnR nonxotur yKaxeM TaKxe ypaBHeHhenunynucxoi MoAenx
ywl = SlElukl  + F (Elek,t .

I rt l t I vzll
f  =  I  . . . .

L r ' trt vzlt

z =

f-ur 
(1 - A/l " ' u,l

= 1 . . .
L r ' ( r - N l  . . ' u , l

Ifpr prcuorpennu nnxdHblx 3aBro,rMosref, uexAy oraenbHbrM, epeu""r/'Mx noc.
neAoaarenbHocrnMr MoxHo cqerrarb, {ro BbrxoA o6rerra npeAcraBraer r4s ce6n nrnefi-
xylo xou6rraurp lrAeanbHoro abtxoAa y+ n nouexu et, TaK rtro

yk l  =  y ,  k l  +  e * ( k l .

Taxouy noAxoAy nyque acero noAxoAxr lrMnynbcHan MoAenb (13.49), rae

y* lkl = S(Elu (k I

e*1k;  = FlEle lk l .

Coore€rcreypqan 6nox-cxeMa noKa3aua Ha phc. 13.1. Ecnn cpaaHrrb perpeocxoHHyx)
MqAenb (13.47) u MqAenb (13.491 , Koropaf, npeAcraanena Ha plrc. 13.1, ro 6y4eu nueru

s(E) = o-t  Elp(El ,  FlEl  = s-t  (El . (13.521

.Q,nn croxerhrrecKoro pe3H(rrHoro ypaBHeithn Mbt nonyqxM aHanorx{Ho

s(F)  = A- t  (ElB(El ,  F(El  = A- t  (Elc lE ' , t .  (13.53)

O6parnuri oneparop B ypaBHeHrnx (13.521 tt (13.531 Moxno Bbr{lrcnr,rrb, cpaBHxBaR
Marpltqbr xoe0$rqnexroB nplt oAhHaKoablx creneHnx E. Hanpr,rmep, ann nepBco x3
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t13.421

(r3.43)

(r3.441

fl3.45)

ypaaxexri (13.53)

4(F)S(F) = B(Et,

Mbt nonyqHM

i

S i = -  2  A , S , _ , + 8 , ,
i = r

i  =  1 , 2 , . . ,

13.2,2. Cvnna Haxmcnburrx^K^a_aAparoa. l-lpr aurrucneHrar napaMerpoe o6rexra uu 6yAeunonb3oaarrcf, MqAenbp (13.391 , nocKonbKy np6aa Moaenb ns',n. ,13.2.t 
;o;r-6;;;cBqgera x sroi Qopue.

3anrureu ypaBHeHxe (13.39) B cneAypqeM Beue:

y'(*l = zr lklo_ + e' lkl, (t3.SS)

rAe KoMnoHeHTbr aeKTopoE yr(kl u etlkl @orBercrByror orAelbHbrM BbtxoaHbrM nepe
MeHHbfMu yilkl , i  : 1, 2, ..., p,o6uerra co MHortaMl axoAaMh yt MHoruMlt Bbt-
xoaaMx.

Prc, 13.1. hunynucxan Moaenb o6texra.

f l onoxue  renepb  B  ypagHeHhr  (13 .55 )  k= I ,2 , . , . ,K ,  rAe
cneAytorqyxl q4creMy nrxeixurx ypaaxexni :

Y  =  Z@+ E" ,

rAe

Y =
Yr l l l  yz l l l  ye11

yr lKl yz lKl yelKl

z =

f u r ( l - / v )  
. . .  u , ( 1 - N l  y r f  - N !  . . .  y p l l - N | . . .  u r | l  . . .  u , ( l l l= l ' : " 1 .

L r r ( r - N l  . . .  u , l K - N l  y r K - N l  . . . y p w - N ) . . .  u r ( K ' t . . .  u , l K l l

Paauepxocrra Marpxq Y, Z, 9-, E" paexur coora€rcrBeHno Ki pl , ( K; vl , (v; pl u(K: pl , rAe v = Nlp + rl+ r. As ypiaxennn (13.56) cneaverOorieenpocran 6op*ri,coor-BercrBypqaa o6texry c oAHlrM BxoAoM yr oAHltM abtxoAoM:

y = Z B + e , (13.57)

rle B cooTaeTcTBl4x C npqabtAylql.tMn o6ogxa,texxFMh cTpo{HUre 6yreur o6ogxaqapr uar_puqu-cron6ubt h aeKTopu. l'lcxonuKy npoqeAypur rgenrrsnKaurn AnR o6terroe c
OAHuM BxOAoM x OAHnM BbtxqAOM h O6terrOe Co MHoryrM[ axOAaMnx MHoTHMH Bbtxo_
Aa-Mx, no cyulecrBy, coBnaAaPT, uut 6yAeu Aanee paccMarpxaarb 6er norept o6u{nocrn
o6texr c oAHlrM BxqAoM 9r oAHr{M BbtxoaoM.
._-Cy1l.ua KBaAparoB oqenoK KoMnoHeHr cnyraixoro aerropa e(k) H3 ypaBHeHxF
(13.571 paaxa

J = ( y - Z B l r l y _ Z B l . (13.581

157

(13.rt)

K2 v, Mbt nony{etM

{13.s6)

fi3.46)

B3axMHylo cBR3b Mer(Ay

BTAE

113.471

(13.48)

(r3.49)
I

rbrMx BpeMeHHbtMr n@-
TaBnRer qs cefla nnxeh-

(13.50)

.49), rne
(13 .51)

)aaHlrTb perpeccroHHyK)
13.1, ro 6yaer,r xMerb

(13.52t
'hr{Ho

(13.531

Bbt{rcnl|Tb, cpaBHrBaF
ileP, ana nepa(ro n3

l



ffpegnonaran, {To MarprllaZrZ HeBbrpor(aeHa,Mbr Bbt'{}rcnhM aeKTop l.tcKoMbrx napaMer.
poa h3 cneAypqero ycnoaha:

A J-= 0.
A B

Ilpn arou Marphqa
ar I  a Jl  r

ao Las J
AonxHa 6urrr nonoxnrenbHo onpeAeneHHoi, Mur nonyuu

$ = 1/ zl- t Z'v,

.o" S - oqeHKa a cMbtcne..eut6paaxoi $yxxrlr,rr norepb. Peurexue {13.59} Bblpaxaer.
cF KnacH{gcroi Sr .uynoi, Koropylo MoxHo xairta e n[Teparype no iaareraarrqecxof,
crar}rcrlrKe, Hanp}|Mer', a [58.1]. ,QnR rncnenxbrx pac{eroa era Sopuyna, oAHaKo, He
oqenr yAo6xa. B npnnoxquu | 6yger npuaqgex 4pyrofi noaxoa, xam6nei npr."nocoO.
nernuti AnF {hcneHHblx pacqeroB.

_ 13.2.3. FemerprrecKaa rrilrepnperaqln. o6oaxaquu orAenbHbre cron6qur Marpxubl
Z  e y , p a e x e r n u  ( 1 3 . 5 7 . 1  r e p e e f r , i = 1 , 2 , . . . , v , r A e v = Z n + 1 ,  a 3 n e M e H r b t  M a r p n q b t .
cron6qa0-ve_091 rr, i = 1,2,. !. ,u. C nouor4uoerrxo6ogxaqexni uur MoxeM3anltcarb
ypaBHeirxe (13.57) B BgtAe

U

2  l . t . + e .
i =  I

Syaeu renepb c{rraTb, 'rro BeKropbt y n.lt, i  = 1,2, , . . ,v, np[HaAner€T fi-uepxouy
eBKnhAoBy npocrpaHcrBy. Torga ugroA riarueHbutlrx KBa[paroB MoxHo c@pr,rynr
poBarb KaK 3aAa{y annpoKcxMaquet aeKropa y nrraixoi xou6raxaqrai eerropoa fr,
i = 1,2, . ., ,y. raKlM o6paaou, qro6ur gxaqexre l lel l2 6urno M?tHltManbHblu. l4taesTxo,
{To peueHxe eroi sagau noflyqaercn oproroHalbHbrM npoeKTxpoaaHreu groro BeKTopa
Ha orAerbHbre BeKTopbl lr, i = 1,2, . . . ' v, eBKnuAoBa npocrpaHcrsa. Ecnr r'- opio-
roHaflbHan npoeKqhn y, ro y - y* - aeKTop, xopuanuxlti Ko BceM aerropam f'
i = 1,2, . . . . v, }l, cfle,aoBaTenbHo, cq)TaeTcTaypqhe cKannpHbte npoyt3BeAeHln pas.
Hbr Hynlo:

l r - v ' l ' i , = O ,  i = 1 , 2 , . . . , v .

Ecnr o6ogxaqtru
u

y *  =  2  t t t i .
j =  |

ro cxcreMy ypaaxexui (13.61) MoxHo 3anrcarb B ayrAe
y ' l l t ,  l r , .  .  . ,  f , l  =

fi3.591

(13.601

(13.61)

(13.621

(13.631

132.4. Yaenr{efile qlrr
cnqAoBaTenbHo, c(x)TBeTcTE
BcrHo. B erou cny{ae Mbl
ll yBenx{hBaeM }lx tllrcrlo, i
Sorno 6rt H@a3yMHbrM n(
3eBncrMo or roro, qro no,
Ka3aHo 168.21, raxru o6

flpqAnonoxrM, {To Mar
n]|q}lBeeM 3TO {xCnO [O n2
croxroi MqAenr c n1 lP n
c AByMF 6noxaur

Z  =  [ 21 ,  Z2 l  .

Axanorr,rxo Moxro nocryn
r 1

^  l 0 ,  l
D . ^ =  |  I _- L '  

L  o '  J
6nor Z, Marprlllu Z ltg.
Pasuepmocru Marpr4qbt Z
l l lti9BT n1 gneMeHTOB, a BeKl

Ypaaxerue (13.591 rene

I  z iz,  I  z iz, l f  3, I
P;2,l ztIJ l t'l

nnu

z [z t \ t  +Z lZ23r=z i t

Peuran 3ry crcreMy ypaBHel
a \ r \ -  
o r = 0 + h z r l z t B - y l

Mrr r,roxem reKxe onpeAenl

B gurpaxexrax (13.68) r

3 = viz rt-t Zly,
P z = l Z l Z z - Z I Z r l Z i ,

llls np€autAyt{xx coorHou
Merpoa aocrarolxo o6Par
{TO npr4aeAeHHble Bblue
nReTcR TOnbKO TOrAa, KC
Mana.

13.2.5. Yaealrrerre an
qaprcn c crryaqnei, xorl
ercn. flpn 6onrurnx K x,
Ayq]le aaHHble, vlMeKlultll
Hanp4Mep, Ha eauHHqy r,l
HaMlr{ecKt,te cgoicrga o6t

Ecnn, xax r.r s n. 13.2. i
BbrxoAoM, ro Ann peKy
o6ogxaqexna:

I r*l
Y K * r =  l - - - - l  .  2

t Y  I
r A E \ J

, t  = l u l K + 1 - N l ,  y l

I zIz, I zizrl-'
Vtrl-44

fl r, rl f,
r; r, rl r,= l t 1 , n 2 , . . . , T r 1

y r / = B r Z r Z .

flocne rpaxcnoHxRoaaHna 3Toro ypaaxeHyra Mbr MoxeM onpeAen'rrb lrcKogyp MaTpxqy
xoa0Onqrexroe 0. Peurexre ooBnaAaer c peueHyteM (13.59). Ecnr aeKropbt l, nr,rri.
Ho 3aB}lcllMbt, To peueltre xe 6yger oAHo3HaqHbtM. OAxoaxauoe peuteHxe uoixxo no
ny{xrb, yMeHbul}lB {xcno napaMerpo8 TaK, qto6ur rx {lrcno paBHF[ocb {]|cny nrxefixo
He3aalrlMblx aexropoe fr.
r58

f I r,
r; r,

fJ tr f; r, r; r,


