
COgfOtrII4E CI,TCTEMbI

$ 2.1. Bxon, oocroxxxe rr Bblxol

fuxaurxa cucreMbl onltcbtBaercn ee MareMaru,recxofi MoAenbKr. Taxan moAenb orpaxaer

MsTeMaT5qecKlle 3aBxcylMocrr MexAy TpeMR MHO)KeCTBSMX nepeMeHHblx: nepeMeHHblMx

axoAa, ablxoAa t/| oocToFH]lF.
BXOA cl,tcTeMbt, AbtpaxaeMutfi nu6O MHOxecTAOM BpeMeHH6lx Syxrqllfi, nr6O uxOxecr'

BOM BpeMe66btx ngcneAgEarenrxOcrei BxOAHblx Sxarexui, npeACTaBnaeT BHeulH1'te nepe'

MeHHbte, AeigrBytol4l,le Ha CHCTeMy. BulxOA cl'tcTeMbl, eutpaxaeUrtfi aHanOr''{HO BxOAy'

npeAcTaBnReT On1l;CaH11e HenOCpeAcrBeXxO ra6npAaeM9r6 nOBeAeHnf, ChcTeMbl'
' 

6"xo""oe cBoicrBo nto6oi ArHaMxqecKoi crcreuut 3aKnK'{aercn B roM, 'lTo ee noBe'

AeHUe B nro6oi MoMeHT BpeMeHh 3aBHCylT He TOnbKo or nepeMeHHblx, AeicTgyloulxx Ha

""eeAa ' . " " t iuouexrBpeMeHyr ,HoxoTnepeMeHHb|x ,Aef icTBoBaBu,nxHaHeeBnpou|noM'
Mbl MOxeM CqrTaTb, {rO TaKaF cvlcTeMa O6nAAaeT 

"naMRTblO", KOTOpaa nO3BOnReT y{vl-

TblBaTb BK1AA nepeMe1Hgi, AeiCTBOBaBUei Ha Hee C npO111nOrO MOMeHTa BpeMeHn AO MO'

MeHTa Ha6nxraext.tn ee noaeAeHra. CocroRxre crrcreMbl, onpeAenaeMoe KaK MxoxecrBo

3HaqeHxi TaK Ha3blBaeMblx nepeMeHHblx COCTOFH}|F, npeAcTaBnFer MTHoBeHHOe 3HaqeH[e
,,eqeirn,, groi naMFTr,t. Ecnu B npox3BonbHbtfi MoMeHT BpeMeHx ts r3BecrHbl cocroFHue

x Bxoait(xi orpe3oK u(ro, fl, ro B n|()&f, uouexr ap€MeHx t 7 ts MoryT 6blrb onpeAe-

neHbl BbIXOA l,l COCTORH}Ie CvlCTeMbl.
flpueeAexxOe Eblule OnpeAeneH1e C9CTOaH11F FBnf,erc6 BECbMa npx64xxeHHblM' OHo

AaeT ager6 IxUJb npeABaphTenbHyp xHOOpMaqn11 O nOHaTvlRx "cOCTOnxxe" 't "nepeMeHHble

b"ton"r"". To{xoe onpeAeneHxe np[Boanrcn e 5 2'2'

flornrre ,,Arxaunqecxin ctrcreua" TaKxe aecbMa nplt6nxxeHHo. O6ur'{xuti cMblcn Bblpa'

xe*h6 "AnXaUrqeCXIi" nq,{Tl,l rOT Xe CaMblfi, qTO rr y BbIpArt<eHXF 
"npnrrXXUtfi": npoUtnUte

c66btTrrn anlt6t9T ra 6yAyr{re cO6blTUe, HO He HaO6OpOT. MaTeMaTr{eCKOe On}lcaHxe A}l-

HaMn{ecKoft cucreMbt npl,|BoA}tr K noA{epKnBaHxK, }l Ooprranrsaq[vl HanpaaneH[f, npx{l'lH'

HOcTu OT npoungro x 6yAyr{euy' C UareuaruqecKgi TOqKx 3peHxf, AxHaMx{ecKAR c}lCTeMa

RBnFeTcR aKgloMarx{ecKylM nOHRrxeM. Mbl np66l4gaeM 3Aecb OnpeAeneHue, AaHHOe

P. Kanmaxou t69.41.
On peAene xne 2.l.,QuuanuveCxo| Cucreqoi > Hasbtaaetcn CnOxcHilA MareMa'

tuttecKuil o'beKf , onpedeflneMuil cnedytotquvu aKcuoMaMu'- 
i;i 3adautt 

'cnidyptaue 
MHoxacrea: MHoxecreo MoMeHroe epqeHu T' -unoxecreo

cocronHud X, unoxecteoexodHbtxgnaqeHul U, uuoxecrao donycruut,x exodHbtx 6ynx-

wd A : la: f * u\, unoxecrao ebtxodHbtx sHaqeHuil Y u nnovcecrao eb,xodvb,x Oyux'
q u d  l = \ 1 :  T - - > Y l .

(6) (ifinpaEnerire BpeMeHH.) Mnoxcecreo T - ynopadoeeHH(E nodunoxecreo MHo-

x/Elcraa deicre uren t H b, x quaen.
(e) [TpocrpancreodonycruuuxexodnuxhynxqudgydoenereopaeTc,Edyto lquv

ycncreuaMl
(t) (HerprBxanbHocrt.l Mnoxcecreo dl uenycro'
l2l (Co.fnexelrre "ton"",t Bo3AeficrBui.l Bxodxod orpesoK ar(t1, f2l --Syx\uua

a e A, sadanHaa Ha epeMeHHo*, uHreryarre (tr, tzl,.r'l T' Ecnu -, ?' e Q u 11( tz I tt'

ro uatderca Ovr*uii-i"e-tt,- d;;-iorip6i 
'u"ltr, 

tzl = r^r(fr, tzl u u"(tz, trl =
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-i, 
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t 0
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rno"o 2
u € d2, ecna, e naeantnui MofiteHr eNMeHu r e r HaqanbH(n c&roaHue x = xlrl € X.
t|yuxqun g o6nadaer ctndyKrtuuwu ceotcreauuz

(1) (Hanpaanexne epeuexr.) Oynxqua g onpedenena dna ecex suaeeuu| t 2 r u xe-
ofiagarentxo onpedeneaa dna ecex gua,reuui t I r.

Ql (Cornacoaaxxocrr.) Paaencreo Vltl t, x, ul = x egnonHnerc, npu ecex t e T,
x € X u r . r € O .

(31 (Kounosrqroxxoe csoictao.l Ann moflbtx anaqenud tr ( t: ( t3 u np6ux co-
croanuii x € X u ecex exodoe <..r € Sl uM&r Mecro g ltt; t r, x, @l = g ltti tz,g ltzi t t,
x , c , l l , c , l l .

(4) (npr,r{raxxocrul Ecnu tt, t>'e d2 u a(f, 11 = i,u'(t, r l , ro glt; r, x, al =
= e l t i  r , x , @ ' 1  .

lnl cyqecreyer oro6pxcenue euxoda n: T x x'-> y, onpedenarcqee euxoduyn eenu-
quHy y (tl = a(t, x(f )). Orodpxenue \lo, glo; r, x, c,l. l l  npu oG lr,t l nenierca eu-
xdnuu orpJKoM.,r.e. orwsKov "flr, tl nexoropoi euxodnol Synxquu, Roropan sa-
daxa na unrepeane lr,tl.

Oruernu, qro napa lr, xl , rAer € Tux€ X npeacraennerco6uruegarxautiqecroi
cxcreMe X. Mxoxecreo f X XonpeAenner npocrpaHcrBo co6rrrni B AxHaulrqecxoi cncre-
ue  E .

Crcreua RBnRercF Quzuvecxu panusyeuoi, ecnt.t ee Bbrxog u cocronHne B npog3Bonb-
xuli uouexr apeMeH[ f6 FB'|f,€TCa $yxrqrefi TorbKo rex BxoAoB, Koropbte aoeAeicreo-
Banr Ha clrcTeMy Ao MoMeHTa Bp€M€HX t6.

l.lxoraa none3Ho paccuarpytBarb KaK $r:ralecru pean[3yeMyr, TaKyp cxcreMy, abtxoA
yf cocroFH|,|e roropofi noABepxeHbt goaAeicrsrlo u(t, tol, r,e, aogAeicreup Bnnorb Ao
MoMeHTa f6 BKnK)rthr€nbHo. B 3roM cny{aecyuecrByeroro6paxexre abtxoAa n: TXXXTJ-+
+ Y,  onpeaennptqee BbrxoAHyp BenlrqrHy yk l=r1f t ,  x( r ) ,  u( t l l  nnuyls l  =
= l lo ,9 lo i  r ,  x ,  a l  ,  u lo l  )  npn o€ ( r ,  t l  .

Ctcreua Ha3btBaercf, derepuunupoeannoii, ecnx ee Bbrxoa x cocronHre e nro6oi MoMeHr t
MoxHo A(rcroaepHo onpeAenxrb no ee cocroaHrp B xexoropui MoMeHT to ( t x no,t3-
aecrHoMy axoay x3 nony3aMKHyroro ltHrepBana [to, t).

Cucreua Ha3btBaerca croxacrueecKoi, ecnn rx$opuaqr,rn o ee cocroaHnn a xexoroprri
MoMeHT BpeMeHvl te h o ee BxoAe Ha lrHrepBane [fo, t) noeaonReT onpeAennTb BbtxoA
cxcreMbr x ee cocronHlte B MoMeHT BpeMeHr | ) to ronbKo c onpeAenerxoi aeponrxocrro
hnx apyrlrMyr cTaTHcTh{ecK}tM!t cpeAcrBaMh.

ffocronury axoA, cocroAune n abrxoA onvrcbrBaprcn KoHe{HbrM r{l.rcnoM nepeMeHHbrx,
To Mbl 6yaeru npeAcraanarb xx BeKTopaur. Tar, HanpxMep, BxoA ynpaBnaeMoro o6rerra,
cocroRulri ug m nepeueHHbtx, o6osxaqaercR BeKTopoM

u '  =  l u r , t t z , . . .  , u - l  =  l u i l  , i  =  1 , 2 , . . . , m .

Axanorn.txo 3ToMy cocronHue o6texra Bblpaxaerca BeKTopoM nepeMeHHbrx cocroFHHF.
Tax, xanprmep, e nrxefixoM ynpaBnneraou o6texre r.ro nopFAKa, Koropbri cocrorr rs
n(rcneAoBarenbxoro coeAhxexxn n 3BeHbeB nepBoro nopRAKa, cocronHue Moxer 6urru npeg-
CTaAneHO nepeMeHHblMl,l, ll3MepAeMblMX MexAy OTAenbHblMh 3BeHbRMh H B KOHqe qeno{Kx
3Thx 3BeHbeB. O6osxaqrtvt 3Th nepeMeHHbte t epe3 X t,  xz, .  .  .  ,  xn.

B raqecree nepeMeHHblx cocronHltR uoryr 6urru aut6paxur, HanpxMep, npoh3BoAHbte
srrxoAxoi nepeuenxoi xr (f  l ,  dxrft l  ldt,  .  ,  .  ,  dn-txr l t l  lat"- I  rnr np6sre Apyrre 6yxx-
U9lx, Koropbte o6ut{xo FanFloTcF nrneixoi xou6uxaqrei raxrx nepeMeHHbtx crcreMbt,
Koropble o6pasyror BeKTop cocroFHun, nonHocrbp onpeAenRloullri cocroFHr.te ctrcreMbt.
Orooaa cneAyer, vro eur6op KoMnoHeHT BeKTopa cocronHhn AocraroqHo npox3aoneH,
BaxHo ronbKo, ,lro6ut grh KoMnoHeHTbl nonHocrblo onucbrBanr cocronHxe clacreuur. flpu
art6ope KoMnoHeHT aeKTopa cocroaHra Mbt oraaeM npeAnorlreHue raKytM nepeMeHHbru
oocroaHuF, Koropble no3Bonapr ynpocrlrrb xeo6xoAruure pacr{erbt hnx Koropbte nerKo
uoryr 6urru yt3MepeHbt h r.A.

EbtxoA o6texra raKxe Bbtpaxaercn BeKTopoM BbrxoAHbrx nepeMeHxbrx. 3ror BeKTop
oAHo3HaqHo onpeAennercn BeKropoM cocroFHHR. BurxoAxoi BeKTop Moxer Aaxe coBna-
Aarb c aeKTopoM cocroFHllF, nr6o gutxoAHble nepeMeHHbre Moryr HenocpeAcrBeHHo coBna-
Aarb c HeKoropbrMx nepeMeHHbtMyt aeKTopa cocroRHytn. Hanpuuep, B ynpaBnneMou o6tex-
re, xoropuri cocroltr rt3 qenoqKu nocneAoaarenbHo coeAllHeHHbtx 3BeHbeB nepBoro no-
PFAKA, AbIXOAHAA NEPEMEHHAR {€Nh X1 RBNRETCR OAHOi I'I3 KOMNOHEHT KAK BEKTOPA

KaF MOAenb OTpaxaer
,HHblx: nepeMeHHbrMl,l

rrqri, nn6o MHoxesr-
anaeT aHeuJHxe nepe-
i axanornqxo axoAy,
[GTeMbt.
I B TOM, r{TO ee nOBe-
rbrx, aeicrByronlxx Ha
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'op8F no3BonneT y'{l|'
reHra BpeMeH[ lo Mo-
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uoryr 6urrr onpeAe-
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(tr ,  t r l  -  Qynxuua
E O  u t 1 (  t 2 (  t 3 ,
,  tz l  u  @"{ . t2,  t l l  =

eer coctonHue x ltl =
txodnon eogdeicteuu

r l



cocroaHl/ta

x t  =  l x r  , x z , .  .  .  , x n l  ,

TaK yt aeKTopa cocToFHr4a

I  a x , l t l  a ' - t x l t l l
x ' = l x r ( t l , - " " , - 1 7 l '

L  
' '  '  

d t  d t n - t  I

Mxoxecreo Bcex Bo3Mox(Hblx axoaoa u Ha3oBeM npocrpaHcrBoM BxoaoB U. Axanorhtlxo
MHoxecrBo Bcex ao3MoxHbtx cocroaHricrcreuur x 6yaerHa3btBarbcn npocrpaHcrBoM co-
croexni X, a uxoxecrao Bcex Bo3MoxHbrx abrxoAoB cucreMbl y - npocrpaHcrBoM Bbl-
xoaoe Y.

Ecnr eexropbr axoAa, cocroaHyrn h BbrxoAa onpeAeneHbr a raxAuti MoMeHr BpeMeHn t
x3 HeKoroporo n6TepBana (HenpepbrBxoe epeun), ro Mbt roBopxM o HenrypbtaHoi cucre-
Me, Henpepb,eHoM ynwenneMoM o66eKre r ra, Ecnx aeKTopbl axoAa x cocrofiHxn onpe-
AeleHbt ronbKo B AxcKpeTHbre MoMeHTbr BpeMeHx t6, rAe k RanRercn nocneAoBaTenb'
HoCTb1g qrcen, o6utqHo qenbtx h3 HeKOTopOTO hHTepaana, ro Mbl roBOphM o ducxpernux
cucteMax.

$ 2.2. OnperclleHlne cocroflHlrr c[creMu no 3aae

Xorn e nltreparype npocrpaxcrao cocronxui oqeHb '{:rcro npxMeHRerca AnR onhcaHlla
[nHaMrqecKrx cxcreM, ace xe rpyAHo aarb yAoanerBopvlrenbHoe onpeaeneHhe cocroR-
Hna u nepeMeHHbtx cocroeHue. Boguoxxo, qro xau6onee yaa'{HblM aBnnercn onpeAene-
Hne Il. 3aAe [63.9], B KoropoM BBoARTcR noHRTxR cocroaHra crcreMbr !t nepeMeHHbtx
oocToaHvla.

Paccuorpuu cxcreMy X, r.e. MareMarvrqecKyro MoAenb peansxoi cucreMbt co BxoAaMx
t r i ,  i  =  1 ,2 , . . .  ,  r ,  n  ab rxoAaMh y i ,  i  =  1 ,2 , . . . ,  p .  f l peanona rae rcn ,  e ro  u ;  l l  Y i  aB -

naKlrcn Syxxq[nMra apeMeH[ n ullt l  n y,lt l  o6ogxaqapr 3xa{exra srxx Benvt{ttH B Mo-
MeHT BpeMeHr t. MroxecrBo BxoAoB u1, i '  = 1,2, . ,. , r, Bblpaxaercn aeKTopoM BXoaoB u
l/|, aHanorr{Ho, MHoxecTBo Bblxoaoa BblpaxaeTca BeKTopoM BblxoaoB r.

Mur o6osxaqrM MHoxgcrBo Bcex Bo3moxHbtx BxoAHbtx BeKTopoB, r'e. eerrop$yxxqui
BpeMeHx u(fl, xoropbre Moryr nonarrbca Ha axoAe cxcreMbr X, cruaonou Q,3ro npo-
crpaHcrBo BxoAHbtx Qyxxqrai clrcreMbr 2. MnoxecrBo acex gxa,rexri, npuxnubeuutx BeK-
ropoM u B MoMeHT BpeMeHX t, O60gxaqaercn KaK npocrpaHcrBo axoAoa u cucreuut ! a
MoMeHT BpeMeHr t. Ecnu npocrpaHcrBo axoAoB U nannercR KoHe{HbtM MHoxecrBoM, ro
oxo o6br{Ho Ha3brBaercn BxoAHbtM an0aBrroM. B 6onuuruxcrBe cnyqaeB, Koropble Mbt
6yaeu 3aecb paccMarprBarb, npocrpaHcrao axoaoB 6yaer eaxnuAoBbrM npocrpaHcrBoM E'r.

Paccuorpuu renepb cneAyroulri 3KcnepxMeHr. flycru cucreMa ! c xaqanrxoro MoMeHra
t6 aflrforb Ao MoMeHra t r , t r 2 t6, Haxo!]rrcn noA eosAeficrBheM BxoAHbtx nepeMeHHblx u.
l.1g onsrra t,t3BecrHo, qro BbrxoAHoi aexrop /o(to, tr] aaa]rcrr, B o6qeM, He ronbKo or
axoAHoio BeKTopa ults,t l l , xo rarxe h or HaqanbHurx ycnoarfi cvrcreubt E s uouexr
Hartana 3KcnepxMexTa. Moxxo cKa3arb, qro gTn xaqanuxute ycnoavtR o6pasyor HaqanbHoe
cocroa6re chcreMbl X. Iloerouy, r,rMeR Haqanbxoe cocroaHre x(to) cucreurt !, Mbt Mo-
x e M y r B e p x ( A a r b , q r o B b t x o A  y l t o , t r )  g a e H c r r o r x ( f o )  u u l t a ,  f r ) , x o H e 3 a a u c x r o r
graqexuft u Ao MoMeHTa BpeMeHx to. Apyruuu cnoBaMvr, Ha'{anbHoe cocronHvte }t nocne-
ay;gqee BxoAHoe 3Ha{eHyte u - 3To Bce, qro xau xeo6xoarMo 3xarb AnF onpeAeneHhR Bbt-
xoaa y nocne npnnoxeHxa axoaa u.

Haqanuxure ycnoBxa crcreuur X uoryr 6urru, Boo6qe, BbrpaxeHbt pa3nlr{HbtMtt cno-
co6aun. floerouy ao3HytKaer aonpoc, Moxer nn HeKoropoe onhcaHvte Ha'{anbHblx ycno-
eufi eurcrynarb B KaqecrBe Ha{anbHoro cocronHl.rf, cl,rcreMbr 2. flpeAnonoxr.ru, rro x(tol
FBnFeTca nepeMexHbtM BeKTopoM, roropuri MoxeT nphHnMaTb 3HaqeHuR EHyTpur npo'
crpaHcraa X. Hagoaeu oro npocrpaxcrao npocrpaHcrBoM cocronHxi ct4creMbt X ta npea'
ngnglt<lrM AnF npOCrOTbt, qro XnesaenCnT Or t6, KpOue TorO, nycTbx{f } =0-COCTORHre

crcreMbt E, rAe c - gneMeHT npocrpaHctea X. flpn srnx npeAnonoxeHvtnx Mbt MoxeM
c$opuynrpoaarb renepb cneAypqee onpeAeneHhe.

OnpeAenenne 2.2. lTepuennaa xlt l uoxcer 6urc npunara 3a cocronHue cucre-
utr 2 a ruoMeHr t, ecnu oHa ydoenefeopnef cnedynuuu fpM ycnoeuav coznacosaH-
HOCTU:

l 7

l1l Bexropu xlto
3aMKHyTOM UHrepaatv
ecex HaqanbHb,x cocro)
Qyxx.tui u€dl.

Mu uneeu

Y(to,  t l  =  F lx  ( to ) ;  u

unu
Y(t l  = F lx l to l ;  u l to .

3 a u e q a a n e 2 . I  .
cucreuoi (ne nraeer c
cIcTeMe HacToRUlee 3Hal

(21 tlycrt tt -He^
Hozo eeKropa u(fo, fJ
pueapfcf, c MOMeHfa el
eyer Henycre ndut
S l x ( r o l  :  u l t o , t l l , x a t

Y ( t  | ,  t l  =  F la,  u l to , ;
3 a u e q a n n e 2 . 2 .

cooTBeTcTAyeT Hat{anbHo
l3l Ecnu u (to, t l ,

HO?O npocrpHcfea ax(
paccMafpueaeMb,x Ha ec

3 a u e , t a x h e  2 . 3 .
HOro cocToRHhR B npoc
aoBHBbtxoaoa  u ( t , , t l

Vt ycnoenh l2l u I
AenneTcn Ha{anbHbtM cq

x ( r l  =  G lx ( ro l ;  u l t s .
rAe G - oAHo3Hat{HaF
cocronHhF 0'r,t c" 3KBl,r
cTpaHcTaa BXOAOB CXCI
xrp c', coBnaaaer c p€al

B nprseAexxoM BbtL
crMaa nepeMeHHas Bpel
nl4qHo ana ynpaBneHun c

flpu rceaxroaaHru n(
MEHT KAAHTOAAHTR KON
HhManbHbtM ri l,tC'|OM Oni
uexu k npxHrMaer qel
x i ( i r l  ,  i  = 1 , 2 , . . . , n .
KOMnOHeHTbt BeKTOpa
xer 6uru onrcaHo pai

x ( k + 1 t - = f t x ( k l l ,

r A e k = O ,  1 , 2 , . . . y p a

x(1)  = 611,  xo l  = f lxo

l4s ypaexexr,rn (2.6) cnr
MOX(HO paccMaTpuBaTb
= f ( x l  . T o r a a

x Q l = A I 2 , x ( t ) l  = q y

r a o6utei Sopue
x(vl = 61r, xol = F'A

Burqucnexlre ltphBOASHHi
TenbHyp k-n nrepaqro e



l1l 8exrcpu x (fo) u u llo, tl , ade u (to, tl o1osna,raer axodnod orrysoK Ha nony-
saMKHyroM uHrepeane (fo, fl, oduosnavao onpedenanr eorxoduod otry3o< ylto,tl dnn
acex HaeanbHbtx cocroaHud x(to) € X npu ecex 3HaeeHuax t )- to u dna ecex dxodxux
Qynxqud u€d2.

Mu uueen
y l to , t l  =  F lx [ to ) ;  u ( to ,  t ]1 ,

unu
yltl = Flx(tol; u(to, tl I .

( 2 . 1 )

12.21xoaoe U. Axanorhtaxo
cF npocTpaHcrBoM co-
- npocTpaHcrBoM abl-

uri uouexr BPeMeHr t
o HenpPuaHoi cucre'
raa x cocroFHrE onpe-
raerca nocneAoBaTenb'
laopuM o ducxPernarx

HAeTCR AnR On],|CaHUR
onpeAeneHlre cocToF-

u aEnFeTCF OnpeAene-
tcreMbl l/| nepeMeHHblx

crcreMbl oo BxoAaMx
a e T C F , ' { T O U i n f i  d e '

tF SIUX Aent/|rlHH B MO-

c8 aeKTopoM BxoaoB u

v'
r,  r .e. BeKroP<DYxrqui
hMBOnoM Q.9ro  npo-
ri ,  npuxnuaeMblx BeK-
loaos Ucrcreust X a
rHbrM MHOXecrBoM, To
cnvqaeB, Koropble Mbl
brM npocrpaHctBoM E".
c Ha{anbHoro MoMeHTa
r(oAHbrx nepeMeHHblx u'
o6qeM, He ronbKo or

cucreMbr X e uot\,lexr
n o6Pa3YloT HaqanbHoe

l cncreuut X, uut uo-
t r l , xo He 3aBxcl'lr or
oe cocTonHvle ll nocne'
r AnF OnPeAeneHYlA Bbl'

ieHbt pa3nh{HblMtl cno'
taHue Hat{SnbHblx ycno'

eanonoxvtM, qro x(to)
3HaqeHrF BHyrpl4'npo'
r f i c n c r e u u t X  r n p e a '
' u x ( t )  = 0 - c o c r o a H Y l e

)noxeHhFx Mbl MOXeM

,a 3a COCTOflHUe cucTe'
ycnoaunu coznacoSaH-

3aueqaHre  2 .1  . l ( s  npeAbrAyqe ro  cneAye r ,q ro  2  ngnRercn  Ae repMnxnpoeaxxo i
cncreuoi (xe rueer cnyraixurx gneuexroa) n He FannercR ynpexAapqei, r.e. e eroi
cxcreMe Hacroaulee 3HarteHre abtxoAa He 3aB[crr or 6y4yr4ux sxaqexri BxoAa.

(21 llycn tr - HeKoropbti noueur epeMeHu nexdy to ut. Toeda dnn xaxdozo exod-
Hozo ee<ropa u (tq, t] u na6npdaeuoeo euxodno?o aeKropa y lto, tl, Koropbte paccwar-
puaaKtrcn c MoMeHra epeMeHu tl,r itK.tro oHu danr orpezxu ultr,t l u y (t,, t l , cyqecr-
eyer Henycfe ndunoxecreo sneMeHroe u3 npocfpaHcrea X, o6osnavaenoe veps
S [x (to ) : u lt o, tll , xaxcdttd ?neMeHr a. Koropozo ydoenereopaer coorHotueHuto

y l t  r  ,  t l  =  F la,  u( to.  t l l  .  '  (2 .31
3aue ' raHr  e  2 .2 .9 to  ycnoaxe  rapaHry tpye r ,  q ro  raxao i  nape  u ( t6 ,  t l  u  y  ( t r ,  r l

coorBercrayer Ha'tanbHoe cocronxue xlt tl rc X.
l3l Ecnu u(to, t l Heu3MeHHo,a ultr,t l usnenaerca Ha ecex exodax Synxquonant-

HO?O npocrpancrea exodos cucreMbt 2, ro nepceqeHue MHo)Kecr| s[x(fo]; u(to, t l l ,
paccMarpueaeMb,x Ha ecex SHaeeHunx u lt t,tl ,ne nennercs nycrbtM MHoxecreoM.

3auerraHre 2.3.  3ro ycnoBle rapaHrhpyer cyqecrBoaaHre no xpaixer  Mepe oA-
Horo cocroFHlra B npocTpaHcTBe X xoropoe orHoct4TcF Ko BceM Bo3MoxHbtM napaM Bxo-
AoBnab lxoAoa  u ( t1 , t l  u  y  ( t r , t l  coo ree rc rBeHHo.

l.1r ycnoari (2) n (3) cneayer, '{ro cocronxr,re crcreMbr I e uouexr BpeMeHh t onpe-
Aenaercn HaqanbHbtM cocronHlteM x(to) u exoAxofi eexrop$yxrquei u(fo, t l :

x ( t l  =  G l x ( t o l ;  u ( r o ,  t l l , 12.41
rae G - oAHo3Ha.'{HaF Syxxqun caorx apryMeHToa. CneAyer orMerr,trb, qro nro6rre aea
cocroFHxa q.' n q." 3KBlrBaneHTHbr, ecnvr AnF Bcex gxaqexri- u rs Qyxxq[oHanbHoro npo-
crpaHcrBa axoAoa crcreMbl X peaxqran cvtcreMbr, cooraercrByloulaF HaqanbHoMy cocroF-
Hl,ro c', coBnaAaer c peaxqraei, coorBercrBypulei xaqanrHoMy cocronHl4Kr c

B npr,reeAexxoM ablule onpeAenelhlr x 3aMe'{aHrnx He BaxHo, HenpepbrBHa n}t He3aBh-
cxMaF nepeMeHHaa BpeMeHn t unn oHa np}tHuMaer roflbKo 4uc(perxure 3HaqeHhF, '{To rh-
nx'{Ho AnF ynpaBneHxn c nououlrn IBM.

llpu rceanroaaHllu no BpeMeHx $rsrrecxan cucreMa Moxer 6urlu onucaxa e nlo6oi rr,to-
MeHT KBaHToBaHUF KoHe'tHblM MHoxecrBoM nepeMeHHbtx xr{. / . l  ,  xzlkl  , . . , ,  Xn(kl c uu-
HrManbHblM '{}rcnoM 3neMeHToa 3Toro MHoxecraa. IlpeAnoraraercn, rlro nepeMeHxan Bpe_
uerr k npxHl4Maer qenbte 3Ha'{eH}tF npu nocronHxoM neploAe KBaHToBaHna. 3xaqexnn
x i (k l  ,  i  =  1 ,2 , . . . ,  n ,  RBnFtorcF3HaqeHHFMr4 nepeMeHHblx  cocronHl rn .  Oxr  npegcraBnnrcr
KoMnoHeHrbl BeKTopa cocrcnHxn x(k), AraxarrvtqgcKoe noaeAeHlte raroi cncreMbt Mo-
xer 6ulru onllcaHo pa3HocrHbtM ypaaHeHxeM nnh peKyppeHTHbtM coorHoureHxeM Bxaa

x lk  + 1)  = f  tx  (k l l  ,  x(01 = xo,  (2.51

rAe k =O, 1,2, . . .  Ypaaxexne (2.5)  nerKo peurrb nocne nepBoro Bbrru4cneHrn npra k = 0:
x (1 )  =  A (1 ,  xo l  =  f ( xo l  =  F (xo ) .  ( 2 .6 )

l4r ypaaxexnn (2.61 cfleayer, qro 3HaqeHue aeKropa cocronHhn x I MoMeHr epeuexlr k = 1
MoxHo paccMarpvrBarb KaK npeo6pasoaanre F (xo) HaqanbHoro cocroaHun x6 np!1 F lxl =
= f ( x ) . T o r a a

xQ l  =  A [2 , x (11 ]  =  O t2 ,  O (1 ,xo ) l  =  A I2 ,  F (xo l l  =  f l x (1 ) l  =  f l t ( xo ) l  =  F2  ( xo )
h e o6qei $opue

x(v l  = Qlv,  xo l  = F ' (xo l  . 12.71
Burqrcnexre npxBeaeHHoro Bbrure BeKTopa xlkl, k = v npeacraenner co6ofi nocneAoBa-
renbHyro k-lo nrepaqrro BeKTopa xo.



rno"o 3

YPABHEHI{fl HENPEPbIBHbIX CI{CTEM

$ 3.1. MarerrrarrqecxHe MoAeJTt crrsreM B npocrpe[crBe cocrof,Hnfi

MareuarnrecKan MoAenb Moxer 6uru nonyleHa ann ynpaBnseMoro o6teKTa, ynpaBnnxr-
r{ero ycrpoficrBa rnh AnF 3aMKxyroro KoHrypa ynpaBneHxn. Ecnu uut sxaeu $uaxrecroe
onltcaHle cytcTeMst 9t MoxeM 3anyrcaTb ypaBHeHvtn, onllcblBaK)l4xe noBeAeHvle ee oTAenbHSlx
qacrei, To nonyr{urb ypaBHeHHe cocronHxn chcreMbr o6ut,txo ot{eHb nerKo, Mut noxaxeu
3Ty npoqeAypy Ha HecKonbKxx nphMepax.

npu uep 3.1.  f lonyrnrr  ypa8HeHne cocroFHlra uexaxn,{ecxoi  c l4creMbr,  noKa3aHHoi xa prc.3.1,
3ra crcrerra Aocraro{Ho npocraF, x arn Hee o6utxxoeexxoe ar00epexLtuanbHoe ypaBHeHne 3anr-

cblBaercn cneAyxlrqn M o6pa3oM :

mx" ltl + fx'ltl + kxltl = Pltl .

Ypaaxexre cocroFxr,rF Mox(Ho nonyqxtb, Hanf,rMep,3aAaauJxcb BeKropoM cocroeHr e

l r r r t  I  I  x { r l1
l . v ' t t l  |  

=  
|  v ( t l  I '

L I L J
8ur6op nepeueHHbtx coclonxxe, oAHaKo, HeoaHo3Hagex. llpu eur6paxxurx nep€MeHHbrx cocronHun ypa.
xenne (3.1 l  npuxnuaet ena

mv'ltl + fvltl + kxltl = Pltl , (3.3'

x 3aaaHHaF cxcreMa uoxer 6urru renepb onxcaHa a npocrpaxcrBe cocronHxi MareMa?rgecKoi uoAenrp

[ . r ' { t l l  f  o  l l f x ( r } l  f o I
l , ' , , ,  1= l  - -  - r - l l  , r , r  l  * l  j_ l "" ' '  {3 '4}
L - " ' J  L  m  m l L " " l  L - J
x ' l t l  =  Fx l t l +gu l t l  ,  ( 3 . 51

rae cxna P(t l  gauexexa xa u( t )  -  o6rrqxoe o6olxaqerure exoaxoi  nepeuexxoi .  Ypaaxexne Bbrxoaa
xMeer Bl,|a

y l t l  = hrx l t l ,  (3.61

rAe hr = [1,0]  .  Ypaenesne (3,4]  MoxHo peuxrb,  r .e.  Bbrqr4cnlrrb 3Ha'1eHhn x l t l  u v ( t ]  ann t  )  to,
ecnr, f  Mbr 3HaeM Ha{anbHbre 3xaeeH}ta x l to l  ,  v  ( tof  n orny P ( t l ,  eeicreyoulyrr  Ha cncreMy n1tr  t  > to,

ll p r'r u e p 3.2. flonyrnrs ypaeHeHr.e cocroaHxn BLC-tlenn, noxaaaxxoi na ptc.3.2.
Peurexre Bo MHoroM aHanorx{Ho npeabrayuleMy np,rMepy. !,nxaurrecxoe noaeae}r}re ttoi cncrerrur

nonxocrbro onpeAennercn ncr^ t > to,ecn, lr3aecrHbr HaqanbHbre 3HageHra i (tol x e"(tol r,r Bxoaxoe
HanpnxeHlre e (tf np,r t 2 to. CneaeaarensHo, 3Ta cxcreMa nonHocrbn onpeaeneercn nepeMeHHbrMx
cocronHlrn i ltl u e " (tl . flepeuexxbre cocronHra MoxHo, oaxaKo. asr6parr no-pa3xoMy.

.Qna yxasaxxurx nepeMefiHbrx cocroeHun i(tl i| ec(t) grMeeM

Li ' l t l  + Bi l t l  + e.(r l  = e(r l  ,
ce i ( t )  =  i ( t l ,

hns B BeKropHo-rrarprrxoi $opue

[;: 1 t.: ff::] [l] "
qro npeActaBnf,cr co6oi MareMarx{ecKyb MoAenb 3aAaHHoi cxcreMbt 6 npocrpaHcrae cocronHxi,

fl pr,r u e p 3,3. Paccrirorpnu noKa3aHHbri Ha p4c. 3.3 nepeeepxyruri uaarxux, ocb Koroporo Ha)@-
Allrce Ha renexKe, npraoaxlroi MoropoM. Bxeurxea cuna ultl n3MeHRer nonoxeHre renexxn x(tl
14 MaetHrKa. flpeanonaraa, {ro yron p ltl u dc ltl ldt x3MeprMbr, Mbr MoxeM c noMoglbK, cooraarcr-
Bypulero ynpaanntoqero ycrpoicraa o6ecnernrl raKylo cxny u (t) , .tro ManrxltK 6er yrera Manbtx orKno-

t , f

(3.1 l

(3.2t

(3.71
(3.8)

(3.9)

xexti 6yaer ocraBalbci B
neqeHgtn pa6orrr ynpagn,
Aenb ycrpoicrBa ynpa3n€
cocronHtrR eroi uoAent,

Peueaue. O6texr onnc
mls" ltl + (M + mlx" ltl

H ypa6HeHxeM paaHoaecxe

lJ + mlz I ,c" l t l  + mlx" l r

rae, ecnx yron ,p (rl uan,
r/|(rMeHT hHepqrx MaFrHtlK
Hbtx Ben)tq|1r{ cneayet ]13 P

. .Q,nn uaarxlxa Ntutloi
I lll ynpouraerce r,t nDlHrr

A

i 
^l' s" ltl + mlx" ltl - ,

l,l3 3roro ypaBHeHxn cneAye
. - a

x " ( t l = - a t p " k l - w l t

I]oAcraanan (3.121 s (3.,|0
I a l
l ^ t - z l M + n l t l , p , , k l
t . - J

EBean renepb yrnosyto cKol

e.tltl = c'ltl ,

Mbt t oxeM 3anrcarb ypaalt,

f r'(tt 
-1 

F o

f-,,,,J =L t*
l ^

r A e  A = l ^ l - * l u + a r , l l
L J

neer petrrrrb ypaaxexre {3.
f l p r u e p  3 . 4 .  H a  p r c

AelrxeM O r HanpexeHxer/

,ff
+
-l'
lmtu
T
z7V,

P u c . 3 . 1



rno"o 3
xexui 6yaer octa6arbcF B BeplxKanbHoM nonoxeHrr. Taxre uanlre orKnor{eHrn HeooxoarlMbr ana o6ec-neqeHxn pa6orrt ynpaanFxtulero ycrpoicraa. gror o6uexr npeactaEnnei ynpor4"rryn nnocKyK, iro-
Aenb ycrpoicrBa ynpaeneHxn seprxKanbHbrM nonoxexr,reM FraKerbr nocne ctapta.-n"riv"rir i6"""r1oocronHra lro& uoaenn.

Peutenue, O6texr onxcbtaaercn aoyMa ypagHeHrnMr: ypagHegxeM paB1oaecrn cltn
mls" ltl + lM + mlx" ltl = ukl

r ypaaxeHxeM pSBHoBec$a MOMeHTOA Chn

lJ + mlz 19" ltl + mlx" lt)cosg(tl - mglsinslll = g,

(3 .101

(3 .1  1 t

t3.121

(3.131

(3 .141

o6texra, Ynpaanalo'
br 3HaeM $uerqecroe
tAeHhe ee orAenbHblx
rerKo. Mbl noKaxeM

oKa3aHHoi xa Plc. 3'1 '
nbHoe ypaaHeHie ?ant -

(3.1 )

T N

(3.21

eHHbrx @cYonHue ypaB-

(3.31

Lreiraru,{eCroi MOAenb|()

(3'41

(3.51

roi. Ypaexexre Bblxoaa

(3.61

I t l u v ( t l a n a t ) t c ,
Ha chcreMy np t  >  to .
rc. 3.2.
oaeaexxe ltoi cucteuut
o l u e " ( t o l u e x o a x o e
aennercF nepeMeHH bl Ml1

rHoMy.

(3.71
(3.8)

(3.91

crae cocroFHhi.
l l i tK, OCb KOTOPOTO HaxO'
InoxeHue renexxr  x ( t )

, c noMolllbp cootSgrct-

6e3 y{era Manblx otKno'

rAe, ecnr yron 9 (tf Man, Mbt rr/oxeM nonoxlrru sing(t) =gltl u cosg(tf = t. Crmaon J o6otxaqaer
MOMeHT &lreF{HH Man?HUKa OrH-OCr4TenbHO qeHTpa Mscc, g _ ycKopeHlle crnbl rFxecr[, a cMbtcn ocTanb_Hbrx aenr{rx cneayer us prc. 3.3.

Ana rranrxnxa Anlr&otl e 2l irouexr xHepqxt,r J = ml213 x ypaaHeHxe (3.1l) npn Manbrx yrnax
9 (t) ynpourae?ce rr npl4HhMaer Bra

A

Smlz,C" l t l  
+ mlx" l t l  -  mgls l t l  =O.

l4g aroro ypaaHexxn cneayer

x" ttt = - 
2 tn', u, - gettt .

l loAcraEnaa (3.12] a (3.101 . nonyqnu
t - l

la - 4 lM + mlt le"ttl * tM + mlgsttt -- uttt .
L " l

BEeaF Tenepb yrflogyro cKopocrb

-1r1 = s'ltl ,

Mbr MoxeM 3anrcaTb ypaaHeHxe cocToFHrn

f c ' t t t 1  f  0  1 l  f  0  I

f-',',J =t-Y# oJ.L+J'"''
l a l

r A e A = l ^ l - ; l M + m l l  I .  1 4 c x o a a 3 H a H x e B e K r o p a H a q a n b H b r x y c n o B n i x c l , r n u r u ( t l  n p r , t t > t o n o 3 B o -
L J J

nRer peururb ypaaxexne (3.141.
fl p r ru e p 3.4. Ha p,rc. 3.4 noxagam 3neKrpoaalrrarenb nocronHHoro roxa c nocronHHbrM eor6yx-

AeH$eM O h Hanpf,xeHreM nKopn u(t l .  Tox nKopn paBeH i  ( t l ,yrnoaoe nopoMeuleHxe -c( t )  I  yrno-

Pnc.  3.1 pr,rc. 3.3

Puc. 3.1. Mexaxu{ecKaa cxcteMa.
Puc. 3.2. Snexrprqecxae qenu.
Prc. 3.3, flepeaepxyrui MaFril{K Ha r6nexKe.

t 5
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BaF cKopocrb - r,.r (tl . 3nexrpoaanxyuaF cr,tna pagxa E = t, oo, Bpaqa|oqxi i/|oMeHr aaurarena M =
= k2oi, MoMeHr Harpy3Kx Mr= krus. Ilr$Oopexqranbnoo ypoaHefire 3neKrprrecKof, qenn uMeer BlrA

di
L -  +  R i = u - 8 .

dt

unu
di

L A ; +  B i  = u - k t t D u t .

ph$OoporqranbH bro ypag HeHxF B paqaoq€iice'.acret cylb

da dus

T =  
- ,  J  _  = M  _  M ,  = k r t b i  _ k " u t ,

(3.191
(3.201

(3 .151

B ypaanenru abtxoAa
paBeB n, TO C(X)TBSTCTE
F(n; nl ,  c ln,  11, ht( .
cTayK,|tlltx aeKTOpoB.
TepMlHonorxei. Cncrer
ypaeHe,tun euxoda l3.i
crot6eu exda lnarpr
lnarpuq2 euxdal . a-k

Tepurnur a cro6xax or

Pr,rc. 3.5. Snox-cxeua, coor
c oar{riM BXOAOM x oaHrM a

Enoxcxeua xa prc. i
o3Ha{aeT n napannenbHc
aeKTOpa x .

$ 3.2. Ilpetcrannenne o6
lPaBHe[tI|lMr| Cocr0xHlrl

fl prrr,rprr onpeAeneitxn
a S 3.1, 6urnr ace ocxor
AAU$,tx a HeM 3neMeHTa[
KyK) rt/toAeflb I nposrpal
onhcbtaarculeiry AXHaMhl
Ht|A HeoAHO3HaqeH, !t no:
anggepexgraanbHoro ypi
npui/Epo8 tttrTO BCTper{€
orH(rRTcR r< o6texrau c
^ 3.2.1. Ilporreatpa | -
raocMorpIM CTaqxoHapH

prc. 3.6. I

nepeuanxoi y (puc. 3.6
HbtM ypaBHeitueM C nocTol

rae J - MoMeHT

ft f:
cneaoBaTenbHo, rMeer El/ta

(3 .161

Bo uxorrx cny{aax He Bce nepeMexxbre ynpaBnneMoro o6rexra h3ueprMbt. I'louepn.
MbtMlr FBnFxlrcR nytutb re, Koropble cocraalnpr aurxoAxoi BeKTop y(t). CpeAr,r3ueper_
Mblx nepeMexxrtx o6tlqxo HaxoAnrca x ynpaBnaeuble nepeMeHHure. gncno B3auMHo He3a-
Bl'fcl'fMbfx ynpaAnFeMblx nepeMeHHblx OnpeAenaeT F3uepHctcrb cucrenbt. ECnu xax.qaR u:
A/ ynpaanneubtx nepeMexHbrx MHoroMepxoi crcreubr ynpaBnnerca He3aBrclrMo, To ql,rcno r
BxoAHblx nepeMeHHblx, T.e. qhcno ynpaBflnK)ql,|x nepeMeHHbtx ynpaBn8eMoro o6terTa,
AorlxHo 6utru xe uexee A/ nprr ycnoBx]t, {ro Bce BxoAHbte nepeMe;Hble raKxe B3a}tMHo He-
3aBxclrMbr. Oxra o6ur,txo aosAeic'raypr Ha pa3nlqHbte roqKr BxoAa ynpaBnaeMoro o6rexra.

llopadox cucteMu 3aavrcvrr or '{ucna nepeMexxblx cocrof,H}ra. gror nopnAoK paBex {xcny
nepeMexHblx cocroanrn. Hanpruep, nopnAoK ynpaBnf,eMoro o6rerra x3 npytMepa 3.4 pa-
BeH rpeM.

Ilpr ynpaaneHxx cKopocrblo ABnrarenn, lr3MepneMoi raxouerpoM, abtxoAxaa nepeMeH_
xan (r.e. ynpaBnneMan nepeMeHHan) paexa

y  =  h t x  =  [ 0 ,  1 ,  0 ] x ,  ( 3 .17 ]

a npH ynpaBneHhlt yrnoBbtM nepeMeuleHneM c oHa paBHa

y  =  1 1  , 0 ,  0 l x . (3 .18)

C nououluro ypaexexni 13,171 u (3.18) uoxro onpeAenrrb ABe pa3nr{Hbte ynpaBnneMbte
nepeMeHHbte ynpaBnseMoro o6terra t,t3 nprMepa 3.4. Oaxaro oH RBnf,ercn o6rexrou c

Pnc. 1.4, 3nexrpo4anrarenb n(rcToixtoro roKa c nocronxxbtM aos6yxAexrerr.

oAHxM AXOAOM l,l OAHXM BbIXOAOM, nOCKOnbKy yrnoBoe nepeMetueHxe c h yrnoaaa cKO-
pocTb (r, - B3ahMHo 3aBrcrMble nepeMeHHble. 3ra gaErcuMocTb BblpaxaeTcF ypaaHeHxeil
(3.15) . O6qee BbtpaxeHlte AnE AltHaMrKr o6texra x3 nplMepa 3.4 a npocrpaFcrBe cocron-

xri saAaercn ypaBHeHxnMr (3.5) n (3.61 .
Ecnn o6terr c oAHxM BxoAoM lt oAHxM abtxoAoM cnoco6ex orcnexrgarb crarroo6pae-

Hble BxoAHbte soaAef,crBllF, ro onlrcaHvre raKoro o6rexra B np(rrpaHcrae cocroatni
vrMeer BlrA

x '=  Fx  rgu ,
y = h r x + k u .

t 6

n
2  a , Y Q ) P 1 =

i = O

Baoaa oneparop
d

D  = _ .
dt

m
2 b i

i = o

MoxHo $opuanuxo ranlrct
n m

.2  a iD ' y (71=  2  b j
i = o  i = o

2. 8. Crpenq



li MoMeflT aenratena M =

B1{ecKoi qenr xMeor BxA

(3.151

(3 .16 t

a r3ueprMbl. l4ruepr-
y ltl . Cwau x3Mepx'
9rcno asahitHo He3a-

euu. Ecnu Kaxaan h3
e3aBrc$Mo, To qt4cno r
tpaBnneMoro o6leKTa,
bte TaKxe a3allMHo He'
npaBnneMoro o6beKTa.
i nopRAoK paBeH {rcny
ra x3 nphMepa 3.4 pa-

u, BbrxoAHaR nepeMeH-

(3 .17)

(3.18)

tnrt{Hble ynpaanneMble
EBnaercf o6terrom c

r6yxaexueu.

H v r e c H y r n o B a R c K o -
rpaxaeTcR ypaaHeHreM
t npocrpaHcrBe c(rcToa-

rexuBarb cxarxoo6pas-
ocrpaHcrae cocroaxui

n

2  a iYG)171=
i = O

BEoAa oneparop
d

D - _ ,
dt

m
2 oi uu).(tl, n 2 m.

i = o

B ypaaxexnr Bbrxoaa noaBunocb AononHlrrenbHoe cnaraeMoe ku. Ecnn nopaAor o6terra
paaer n, ro coorBercraypulvre Marpxqbr B ypaBHeHxnx (3.19) r (3.20) uMepr pa3Mepxocrlr
Fln; nl, gln: l l  , h'(1; nl n kll; 1), roropure cornacoaaHbt c pa3MepHocrnMr qoorBer-
crByolr$ix BeKTopoB. B nocneAypqeM t,t3noxexrlr Mbr 6yneu nonb3oBarbca cnenypqei
repMrHonoruei. Crcreua ypaexerni cocronHlrn cocrolrr u3 ypaeHeHun duxauuxu (3.19) r,r
ypaeHeHun eotxoda (3.20) . B ypaexexru AnHaMltKr,t F - narpuqa dunanuxu, ag - Marpuqa-
cror6eq exda lnarpuqa exodal. B ypaenert.ryt Bblxoaa hr - uarpuqatrpoKa euxda
hrarpuqa euxodal , a k - xooSfiuqueHr yctmeHun no exody (narputla ycunequn no exdyl .
Tepurxrr e cro6Kax orlrocarcn K MHoroMepHbrM cytcreMaM.

Pttc.3.5. Snox-cxeua. coorBercrByror{an on}rcaHro a npocrF}aHcrBe cocronxufi HenpepbtB1oro o6texra
c oaHrM BXoAoM 1| oALXM Ab|XOAOM.

Snorcxeua Ha plc. 3.5 cooreercrByer ypaBHeHxFM (3.19) r,r (3.20). Crueon rHrerpana
o:lHatlaeT n napannelbHo aKnpqeHHblx l,tHTerpaTopoB, Koropble xHTerprpytor KoMnoHeHTbl
BeKTOpa X .

$ 3.2. npegcraBrrexne o6HxnoseHiloro rorQrlepenuramroro JryaBHexrrt
J4taBHeIIntMn COCTOf, Hrrt

flprlreper onpeAefletra MareMarh'{ecxrx uoAenei ynpaBnneMbtx o6rerros, nplBeAeHHbre
e 5 3.1, 6utnu ace ocxoBaHbr Ha KoHcrpyKTHBHblx AaHHblx o6rerra r Ha onxcaHltx npoucxo-
AFU$,fx B HeM 3neMeHTapHblx npoqeccoB. Vnorha, oAHaKo, xenarenbHo xairr uareuarr{ec-
Kyr) iioaenb B npocrpaxcrBe cocrcHri no uggecrHoMy ar$OepenrrnanbHoMy ypaBHeHxp,
onncblBapuleMy Al,lHaMxKy o6teKTa, Paxee yxe orMeqanocb, rro err6op nepeMeHHbtx cocroF-
HllF HeoAHo3HaqeH, r no3roMy HeAocraroqHo npxaecrvr ronbKo oAnH MeroA npeo6pasoaaxnn
ar$QepexqranbHoro ypaBHeHxn B npocrpaHcrBo c(trronHri. Iloerorqy Mbl npraeAeM paA
nptai/tepoB {&To Bcrpeqapu$ixcn npeo6pasoeanui. flpraaoArMbte B 3ToM pa3aene nprircpbl
orHocnTca r o6terrau c oaHllM BxoAoM x oAHnM BbrxoaoM.
_ 3.2.1.Ilpoqeny?a | - nepwexxbre cocroexxa onpeAennrorcn Goortrouroxrer xi+r -ri.
Paccuorpnu craqxoxapHbri ynpaanneuuri o6texr c axoAxoi nepetcxxoi u r auxoax&

{ls
Pttc. 3.6. Henpepuransri o6texr c oaltxM BxoaoM t,t oAlr.{M abrxoaoM.

nepeuexxofi y lpnc. 3.6) , ar.rxaMxKa Koroporo onytcbtBaercR nnxefiruru Au0eepexqnanu-
Hbr M ypaBHelr reM c nocTonHHbt Ml,t roessnqrenra uu

(3.19)
(3.201

MoxHo Qopuanuno 3anrcarb ypaaHeHlte (3.21 ) e arae .
n . m

.Z_ aiD'yl t l  = . l  b iD,ul t l ,  n )-  nt ,
t = o  l = o

2. B. Crpciq

(3.21)

13.221

(3.231

l 7



xnyr nocne 3aMeHbl nepeMeHHblx

Avltl = Euttt ,
rAe

n
A =

j = 0

m

u  E =  2  b i D i .
i = o

8 n  - l

xr  ( r l

:::i'
x nltl

(3.24)

(3.25)

(3.26)

13.271

(3.28t

(3.29)

(3.30)

(3.32t

(3.33)

u{ t ) .

(3.35)

(3.36t

r -
I

( , , \

fiu T
I

Ypaexennnu (3.3a) r (3

1

0
F =

r ^
n ,  = l  b o - 2  b n ,  b ,

I a t

Marprqa Auxaunru F nc
3braaeMyto Ooprrry Opo6ex
n P n  b n = O  u  a n = 1 .

Ypaaxexrn cocronxra
Mbr, KoTopaa noKa3aHa Ha
c H o M e p a M l r A o m = n - 7

Ecnr roxcranru b1, b2
i  =  1 ,  2 ,  .  . . .  n ,  coBnaaa
y ( i - t r ( r ) ,  i  =  1 ,  2 , . . . ,  t
cocToRHl/|F, KOrOpOe npl,|Hn

l l p n u e p  3 . 5 .  l l p n u e x r
anQQeeHqtaan bxoMy ypaBHeHl

2y" ltl + 3y'(rl + 2yltl = ult

Peuexue. I cooteelcteru c

f x i ( t l  
' l  

f  0
t l = l
l x i ( r l  I  |  - r  -
r . J L

322. Ilpoqsnype tl
npor3aoAHbtx BxoAtfbtx x
ra onxcbtBaercn an0$epe
cMorpuM eror cnyrai r

2 .

l4s ypaenerra (3.241 Qopuanuxo cneAyer, {ro

yltl = A-t Eultl .
llonara

a-' Eultl = Ex(tl ,
XMEEM

A-t ultl = x(tl .

Taxrau o6paaou, ypaBHeHhe (3.24) uul 3aMeHnrlvl AByMF coorHouleHrnMlr

Axltl = ultl ,
dx(tl = vltl .

Ecnr renepu aagcrvr nepeMeHHbte cocrmHlrR

x ( t l = x r  ( t l ,

x ( r ) ( t )  =  xz l t l  =  " f  t ) ( t )  , (3.31)

,(n - r )1t1 = x, (r) = "lt] , lrt ,
IO OqeArAHO, t{TO

,@) ft1= x,( r ) (r) ,

x ypaBHeHue (3.29) uoxer 6urru ganlcaxo B BxAe

"-(t )(t) = i- u(t) - 
Qn -r 

x nftl -" a n a n a n a n

Coorxoutexnn (3.31) u ypaexexue (3.33! MoxHo 3anrcarb oaHvtM ypaBHexxeM c noMol4bK)
nocroFHHsr x MaTpht{Hblx onepaTopoB 1.1 BeKTopa cocrof,H}tR:

I
0
0

Q t

an

, t

an

t,( t ) (tl

"r(t ) (r)

",( 
t  )  

{ t)

0

0

1 0

0 1

0

0

0

0

1

an

? 1

ana n an

(3.34)
C norvroruuro nepeMeltxblx cocr@Hltn (3.31) rg ypaBHeHyrn (3.30) uoxxo nony'{rrbypaBxe'
Hvfe, onpeaennpqee npeo6paaoaaHxe nepeMeHHblx cocro€Hxf, x, (t l . i = 1, 2, . . . , n, B Bbl'

xoAHylo nepeMeHHyK) Y(f I :

box r  ( t )  *  b r xz ( t )  +  . .  .  l  bn - r t n ( t )  +  onx | r ) l t l =v l t l ,  n=  m.

lloAcraennn abrpaxeHre (3.33) e ypaaHeHre (3'35), nonyqnM

v t t l = (  o o  - 2 u , \ ' ,  t t t  + ( b ,  -  ' '  
, , \ x z ( t )  +  . .  .

\ a, / \ an I

. . .  . (  b n - t  - " - t  o , )  x n k l +  L r t l .
\  an I an

r8

Puc. 3.7. Enoxcx



|.3.241

(3.251

(3.261

13.271

(3.281

(3.29)

(3.30)

(3 .31)

(3.32)

(3.33)

)aBH eHlteM c noMotllblo
{F :

u( t ) .

{3.34}
)xHo nonyqrrb ypaBHe-
i = 1 , 2 , . . . , n , a s b t -

(3.3s)

(3.36)

t - -
I

(  o , \

lx'-
l t l

lf
F _

{
Psc. 3.7. Enox+xeua, coorBercrBytoulaF vpaBHeH[eM cocroFHl,|F (3.34) n (3.361 .

Ypasxexranu (3.341 r (3.361 coorBercrBypr ypaBHeHhf, cocroaHrn (3.191 u (3.20),  rae

0 1 0  . . . 0
0 0 1 0

b r -  ! b n , . . . , b n - t -  " " - t  
l ,  k =  Y

a n a n l a n

322. nporFgypa ll - nepernexxbre oocronrrn Ranarlrca arreixoi rom6nxaqrei
np(rcBoAHbrx axoAHbrx 1r BbrxoAHbrx nepereHHbrx o6terra. l'lycru cxoea AyrHaMuKa o6rer-ra onrcbtaaercn AuQ$epeHUytanbHbtM ypaBHeHHeM n-ro nopFAKa (3.21)-, ,a" - = ;. i;_cMorpt4M eror cnylai vl onpeAetlnM nepeMeHHbre cocronHra c noMorqbp cneAypulllx

n' =loo - :1- o^,

: l
.J

Marpuqa alrHaMuKlt F u cooraercrBypLqan ei rpaxcnoxrpoaanxaf, Marpaqa rirexlr raK Ha-
3blaaeMy|o @pt"ty Opo6exryca. Oqealraxute ynpouleHxn arxx aByx ypaaxenui uMexrr Mscro
n p u  b n = O  n  a n = 1 .

Ypaanexun cocroaHun (3.34) n (3.361 uoxno raKxe npeAcraBhrb c noMoulblo 6norcxe-
Mbr, Koropa noKa3aHa Ha pxc. 3.7, rae HenpepbtBHbte nn+nu coorBercrgytor KoMnoHeHraM
c HoMepaMx aom = n - 1, a KoMnoHeHrac HoMepoM m =nnoKa3aHanyHKrhpxoinrxnei.

Ecn r  roxc ran ru t  b1 ,  b2 , . . . , bn -1  poBHb t  Hynp  x  bo= l , r onepeMeHHbt€Goc ronH l tax i ,
i = 1, 2, . ... n, coBnaaapr c eurxoAxoi nepeuenxoi o6terra x ee npolt3BoAHbtMu, r.e. c
y(i - | ) ftl , i = 1 , 2, . . . , n. eto Aaer HeKoropbre npehMytqscrBa onpeAeneHyrp nepeMeHHbrx
cocroRHIF, KOTOpOe npl/|Hsro B 3roM nplrMepe,

fl p r u e p 3.5' flpruexurr npoqeavpy I ann nonyqarxn ypaBHexxn cocronHl,rn, coorBerc?Byroulero
arQ$epeHuran bHoMy ypaBHeHxxr

2y" ltl + 3y'ltl + 2yltl = ultl + 5u'(tl .

Peutenue. B cooraercrerx c ypaxeHuaur (3.341 u (3.361 Mbr rMeeu

y ( t l  =  t 1 , 5 1  [ x ,  ( t ] ,  x ,  ( t l l rf,;:.1 I [: ;] [;,:: i  J.[] "- '

l 92 r



-  bn-zul t l ,
(3.37)

xn f t l =  a ry l t l  +  a ry ( r ) l t l  +  .  . .  +  an r {n - r ) f t |  -  bnu@-  l ) ( t } -

-  bn_ r  r ( "  
-2)61 bru l t l  .

l4e nepaoro ypaBHeHlrn cr,tcreMbl (3.37) eurqrcnuu yltl lr noacraBvlM nonyqexHoe 3Ha.teHre
B ocraB111rec6 ypaBHeHxF, .Qanee Mbr 3aMeHltM Bce cnaraeMble, BKrlxrqaDullle Bce npolr3BoA'
nure y(t ) n u ltl , Ha nepByp npox3BoAHyp nepeuexxoi cocronHvrf,, KoropaF a Kar(AoM cny'

COOTHOUIeHYII,I:

xy f t l =anY l t l  - bnu l t l ,

x z l t l  =  an  - i l l t l  +  any  0 )111  -  6nu ( t ) l t l  -  bn - l u ( t ) ,

xr  ( r )  = an-2yl t l  +  an -yo)  l t l  +  anyQ)111 -  bnu(€)1r l  -  bn -1u( t )1t1

qae onpeAenRerca npeablAyull'lM ypaBHeHreM. Mut nonyluu

x2 ( t )  =  
+x r  

( t )  +x i { r }  - ( r , - ,  -  
#  

o , ) un .

x r ( r t =  
o n - 2  

x r ( t ) +  r r t l - ( b n - z -  A + 0 , ) u ( t l ,
an \ an I

I
t t r  I  ? 1  \

xnlt l  - - :  xr l t l  + x 'n-,  {r l  -  {  ot  -  ---6 1", t ,  .' a n  \  a "  I

o6teArxuu ypaBHeltgts (3.38) c ytcxoaHblM AraQ$epexqylanbHblM ypaBHeHxeM,

CnoMoll lbloBBeAeHHblxnepeMeHHblxCOCTORHt' lFnpvlHy|i 'aeTBvlA

i ln .  
t  -  \

o = ixr ( t )  + x 'nl t l  - (  o,  -  2 o, )u(t)  '
an \ a, l,

TorAa ypaexexIn (3.38) u (3.39) c noMolllbK, MarplttlHblx oneparopoB MOxHo

cneAypulelM o6paaou:

(3.38)

KOrOpOe

(3.3e)

3anllcarb

f l p r , r u e p  3 . 6 . O r
BercrByK)|llee ArOOepeHu

Peuteuue.

f  x t { r } l  f  -  j
1 t = l
L x i ( t l J  L -  '

P"".q"nr" xcxoaxoe ypaal

l - - r r a

l x i t t l l  l - ;
I  t =  |
[ " ; r ' r J  L - '
32.3. Ypaarexte r

rexxbtx. Ecnr,r ynpaan
oaHoapeMeHHO C AO3l
HapHoro o6rexra nuee

n n

2 " , r ( i )111 =
t = 0  t =

l l p u  m = l = n - 1 n e

x i ( r )

x ; ( t l

x'nltl

x i ( t )

x'zftl

x'nltl

-  i n - t
dn

o n  - 2

1 0

0 1

x1  ( t )

xz ( t )

x nltl

-  
E n - l

b n  - t
an

2 n - 2
b n  - z

an

bn

bn

an u(r ) .

(3.40t

?9 b s - " o u n
an0 0

a n

B grou  cnyqae npeo6pa3oBaHue nepeMeHHb|x  cocToFHl . |F  x i ( t }  , i  =  1 ,2 ' . , . ,  n ,  BBb lxoAHyto

nepeMeHHyro y(tl rp[;nanuxo. Oxo onpeAenaerca nepBblM ypaBHeHueM c',crei/bl (3'37]'

Aln rounarrH@rr4 Mbl 3anruleM 3ro ypaBHeHue a MarpvlqHoi Soprc

f r 1 b"
y ( t ) = f  . 0 , 0 , . . . , 0 1 x ( t ) * 2 u f t 1 .  

( 3 ' 4 1 )

L " "  J  " n
ypaexexnn cocronHytn (3.40) u (3.41) cxoeanMercr Bl' lAypaBHeHun (3'19) u (3'20)' 6nox-

"i"^r" yp"""exvri cocronHlla noKa3aHa xa plr' 3'8'

Flpeurvryuecreo aur6opa nepeMeHHblx. cocToFllvlF B CoorBercrBr4ll c '3noxexxoi autule

npoqeAypoi . . *n,o* . " iJ i ; ;&,  qro xr( t )  =r( f  )  nph npox3aonbHbrx 3Haqe' l rax bo,br ' ' ' '

. . . , b n  I  ! 1  n P l r  b n = O  u  a r = ' l '
B arOrr Cnyqae npu pacqerax Mbl He AollxHbl BblnOnHRTb npeo6pa3oBaxre (3'41), rOrAa

KaK onpeAen""r" "",riaxoi nepeuexxoi f(t) B coorBercrBvllr c n. 3.2.1 acerAa rpe6yer

npeo6pasoeaxun (3.36) .
2A

I 1
vltl = l-, 0, 0, .

l 8 n

xnx KpSTKo

x'(rl = Fxltl + Gu, li
y( t l  = ht x(t l  ,

rAe cMbtcn oTAenbHbl)

Prc. 3.8. 6nc



t ) ( r ) -  bn_zu l t l ,
(3.37)

M nonyqeHH@ 3HaqeHIe
r{alot|lre Bce npo}t3Boa-
(oropan B KaxaoM cny-

(3.38)

ypaBHeilxeM. KOrOpOe

(3.39)

ropoa MoxHo 3anllcaTb

a n - l
- - b n

an

? n - 2  ._ - D n
an

u(r ) .

d g
- - b n

a n
(3.40)

,2 , .  .  . ,  n ,  a  BbtxoAHyK)
HueM clrcrei/br (3.371 .

(3 .41 l

{3.19) u (3.20).  Snor '

ta c x3noxeHxoi autule
lx 3Haqefluax bo, br, ,  .  '

a3oBaHlre (3.41), rorna
r. 3.2.1 Bceraa rPe6Yer

l l p u u e p  3 . 6 . O n p e g e n n r u c o r n a c H o y p a B H e H n F M  ( 3 . 4 O 1  n  ( 3 . 4 1 1  y p a e x e x x e c o c r o a H h n , c o o r .
B ercrEytorqee AnQ$epexqu an bHoM y ypaBHeHurc u s npr,ruepa 3.S.

Peutenue.

f ' r ' r r l  -  f -+ , ]  [ " : : , i ]  .  [ : ] . , , ,  vk ,= f , . , f t ,
L x , l t t J  L -  r

Paagenra ,cxoAxoe ypaBHeHhe Ha KoHcraHTy a n = d z = 2, utr nonyruu

f  ' ; ' r1 f  + 
:]  f : , , , ; ] .  [ l ]" , , ,  r ,=x, r

[ ' ; r ' r J  l - '
32.3. Ypaanexrn cocrontrxa npr aoeAeicrgrr ynpsBnnxrulxx x Bqruyq,atoqrx nepe-

meHHbrx. Ecnr ynpaenap!4xe nepeMeHHbre u(t) aeicrayKrr Ha BxoA ynpaBnFeMoro o6texra
oAHoBpeMeHHo c Bo3MyqaplqltMt4 nepeMeHHbtMn w(tl , ro ypaBHeHue nuxeixoro cratlno:
Hapxcrro o6texra ltMeer BltA

n m l
2 " , , ( i )11 ;  =

i = o  i = o  i = o

lTpu m=l=n -  1 lagcoorsercrBn] tcnpoqeaypof t  l l  (cr r r .  n .3.2.21 MbrHMeeM

- d n - r  1  o  o
an

- o n - 2  o  r  o
an

0 0  0

x i ( r )

xzk l

x'nkl

x r  ( r )

xz  ( t )

xnftl

13.421

(3.43t

(3.44)

(3.451

{3.'16l
(3 .45) .

2 l

b n - t  c n - l

b n - z  c n - 2

[ ; ; ]

_ 
ilo

an
C9bs

l r  I
Y l t l =  l - ,  0 ,  0 , . . . ,  0  l x ( t ) ,

L a n  J
xnx KpaTKo

x' ( f )  = Fx( t l  +  Gu' ( t )  ,
y( t l  =  hr  x l t l  ,

rAe cMblcn orAenbHblx o6ogxa,{ex[I cneAyer u3 cpaBHeHun ypaanenui (3.431 u

Prc. 3.8. Snor-cxerra, cooraercrByplaan ypaaHaltrnM cocronHr,te (3,4(11 u (3.41 l.


